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Chapter 1

Subsets of Euclidean space, vector
fields, and continuity

Introduction

The aims of this course are the following:

(i) Extend the main results of one-variable Calculus to higher dimensions

(ii) Explore new phenomena which are non-existent in the one-dimensional case

Regarding the first aim, a basic step will be to define notions of continuity and differ-
entiability in higher dimensions. These are not as intuitive as in the one-dimensional case.
For example, given a function f : R — R, we can say that f is continuous if one can draw
its graph I'y without lifting the pen (resp. chalk) off the paper (resp. blackboard). For any
n > 1, we can still define the graph of a function (here called a scalar field) f: R" — R to
be

L(f) ={(z,y) e R" xRy = f(x)},

where z denotes the vector (z1,...,x,) in R". Since R™ x R is just R"™! we can think of
['(f) as a subset of the (n + 1)-dimensional space. But the graph will be n-dimensional,
which is hard (for non-constant f)to form a picture of, except possibly for n = 2; even then
it cannot be drawn on a plane like a blackboard or a sheet of paper. So one needs to define
basic notions such as continuity by a more formal method. It will be beneficial to think of
a lot of examples in dimension 2, where one has some chance of forming a mental picture.



Integration is also subtle. One is able to integrate nice functions f on closed rectangular
boxes R, which naturally generalize the closed interval [a, b] in R, and when there is spherical
symmetry, also over closed balls in R". Here f being nice means that f is bounded on R
and continuous outside a negligible set. But it is problematic to define integrals of even
continuous functions over arbitrary subsets Y of R"™, even when they are bounded, i.e., can
be enclosed in a rectangular box. However, when Y is compact, i.e., closed and bounded,
one can integrate continuous functions f over it, at least when f vanishes on the boundary
of Y.

The second aim is more subtle than the first. Already in the plane, one is interested in
line integrals, i.e., integrals over (nice) curves C, of vector fields, i.e., vectors of scalar fields,
and we will be interested in knowing when the integrals depend only on the beginning and end
points of the curve. This leads to the notion of conservative fields, which is very important
also for various other subjects like Physics and Electrical Engineering. Somehow the point
here is to not blindly compute such integrals, but to exploit the (beautiful) geometry of the
situation.

This chapter is concerned with defining the basic structures which will be brought to
bear in the succeeding chapters. We start by reviewing the real numbers.

1.1 Construction and properties of real numbers

This section intends to give some brief background for some of the basic facts about real
numbers which we will use in this chapter and in some later ones.

Denote by Z the set of integers {0,+1,42,...} and by Q the set of rational numbers

{%la,b € Z,b # 0}. As usual we identify § with ™2 for any integer m # 0. To be precise,
the rational numbers are equivalence classes of ordered pairs (a,b) of integers, b # 0, with
(a,b) being considered equivalent to (¢, d) iff ad = bc. The rational numbers can be added,
subtracted and multiplied, just like the integers, but in addition we can also divide any
rational number z by another (non-zero) y. The properties make Q into a field (as one says
in Algebra), not to be confused (at all) with a vector field which we will introduce below. One
defines the absolute value of any rational number x as sgn(x)x, where sgn(x) denotes the sign
of . Then it is easy to see that |zy| = |z||y| and |z+y| < |z|+|y| (triangle inequality). There
are other absolute values one can define on QQ, and they satisfy a stronger inequality than
the triangle inequality. For this reason, some call the one above the archimedean absolute

value.

The real numbers are not so easy to comprehend, not withstanding the fact that we have



been using them at will and with ease, and their construction is quite subtle. It was a clever
ploy on the part of mathematicians to call them real numbers as it makes people feel that
they are real and so easy to understand. Some irrational numbers do come up in geometry,
like the ubiquitous 7, which is the area of a unit circle, and the quadratic irrational v/2,
which is the length of the hypotenuse of a right triangle with two unit sides. However,
many irrational real numbers have no meaning except as limits of nice sequences of rational
numbers or as points on a continuum.

What constitutes a nice sequence? The basic criterion has to be that the sequence looks
like it has a chance of converging, though we should be able to see that without knowing
anything about the limit. The precise condition below was introduced by the nineteenth
century French mathematician Cauchy, whence the term Cauchy sequence.

Definition. A sequence {1, xs,...,x,,...} of rational numbers is Cauchy iff we can find,
for every e > 0 in Q, a positive integer N such that |x, — x| < €, for alln,m > N.

Simply put, a sequence is Cauchy iff the terms eventually bunch up around each other.
This behavior is clearly necessary to have a limit.

Possibly the simplest (non-constant) Cauchy sequence of rational numbers is {|n > 1}.
This sequence has a limit in Q, namely 0. (Check it!) An example of a sequence which is
not Cauchy is given by {z,}, with z,, = >";_, . It is not hard to see that this sequence
diverges; some would say that the limit is 400, which lies outside Q.

There are many sequences of rational numbers which are Cauchy but do not have a limit
in Q. Two such examples {z,|n > 1} are given by the following: (i) z, = > ;_; 7,
and (i) @, = Yp_, 7. The first sequence converges to 72/6 and the second to e, both of
which are not rational (first proved by a mathematician named Lambert around 1766). In
fact, these numbers are even transcendental, which means they are not roots of polynomials
f(X) =ay+ay X + -+ + a, X" with ag,ay,...,a, € Q. Numbers like v/2 and i = /—1
are algebraic numbers, though irrational, and are not transcendental. Of course ¢ does not a
“real number”.

Take your favorite decimal expansion such as the one of m = 3.1415926..... This can be
viewed as a Cauchy sequence {3,31/10,314/100,3141/1000, ...}; you may check that such a
sequence is Cauchy no matter what the digits are! Again, for "most” expansions you can
come up with, the limit is not in Q. Recall that a decimal expansion represents (converges
to) a rational number if and only if it is periodic after some point.

Essentially, the construction of R consists of formally adjoining to Q the missing limits of
Cauchy sequences of rational numbers. How can we do this in a logically satisfactory manner?
Since every Cauchy sequence should give a real number and every real number should arise



from a Cauchy sequence, we start with the set X of all Cauchy sequences of rational numbers.
On this set we can even define addition and multiplication by {z1,zs,..} + {v1,¥2,...} =
{x1 4+ y1, 22 + yo, ..} etc. and also division if the denominator sequence stays away from zero
(there is something to be checked here, namely that for example {z, + y,} is again Cauchy
but this is not so hard). It seems that X with these operations is already something like
the real numbers but there is a problem: Two sequences might have the same limit, think
of the zero sequence {0, 0,0..} and the reciprocal sequence {1/n|n > 1}, and such sequences
should give the same real number, which is 0 in this case. So the last step is to introduce
on X an equivalence relation: Declare x = {x,},y = {y,} in X to be equivalent if for any
e > 0 in Q, there exists N > 0 such that |z, — y,| < € for all n > N (Check that this is
indeed an equivalence relation). The equivalence classes of sequences in X are declared to
constitute the set R of all “real numbers”. The rational numbers naturally form a subset of
R by viewing ¢ € Q as the class of the constant sequence {q,q,...,q,...}; note that in this
class we have many other sequences such as {¢+1/n}, {¢+27"}, {¢+1/n!}). Besides Q we
obtain a lot of new numbers to play with. The real number represented by the sequence (ii)
above, for example, is called e. When we say we have an x € R we think of some Cauchy
sequence {z1, s, ..} representing z, for example its decimal expansion. But note that our
definition of R is in no way tied to the base ten, only to the rational numbers. Now one has
to check that the addition, multiplication and division defined above pass to the equivalence
classes, i.e. to R. This is a doable exercise. One can also introduce an order on X which
passes to equivalences classes: {z,} < {y,} if there is some N so that z,, < y,, for alln > N.
So the notion of positivity for rational numbers carries over to the reals. One has the triangle
inequality
|z +y| <|z|+|y|, forall =z ,yeR.

where || = x, resp. —z if z > 0, resp. z < 0.

Here are the key facts about the real numbers on which much of Calculus is based.

Theorem 1 (a) (Completeness of R) FEvery Cauchy sequence of real numbers has a limit
n R.

(b) (Density of the rationals) FEuvery real number is the limit of a Cauchy sequence of
rational numbers.

More precisely, part (a) says that given {z,} C R so that V¥ ¢ > 0, 3 N such that
V' n,m > N, |r,— z,| < ¢ then there exists x € R so that V ¢ > 0, 3 N such that
Vn >N, |r—x, <e Inother words, if we repeat the completion process by which we
obtained R from Q (i.e. start with the set of Cauchy sequences of real numbers and pass to
equivalence classes) we end up with the real numbers again.
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Part (b) says that given any real number x and an € > 0, we can find infinitely many
rational numbers in the interval (z — €, 2 4 €). In particular, we have the following very
useful fact:

Given any pair z,y of real numbers, say with < y, we can find a rational
number 2 such that x < z < y, regardless of how small x — y is.

Proof of Theorem 1. Part (b) holds by construction, and it suffices to prove part (a).
If {x,} C R is a Cauchy sequence we represent each x, as a Cauchy sequence of rational
numbers x,;, say. We can find f(n) € N so that |z,; — x, ;| < 27" for i,j > f(n) because
Ty, is Cauchy for fixed n. Then the sequence z,, f,) € Q is Cauchy. Indeed, given e make
n,m large enough so that 27" < ¢/3, 27 < ¢/3 and |z, — z,,| < €/3. Now unravel the
meaning of this last statement. It means that for k large enough we have |z, x — T x| < €/3.
Make k also bigger than f(n) and f(m). Then we have

T, £ ) = T pom) | < |Tn,pn) = Tkl + |Tne = okl + | T — T pomy| <277 +€/3 4277 <ee

for large enough n,m. The real number x represented by the Cauchy sequence z,, ¢(,) is
the limit of the sequence z,. To see this, given e take n large so that 27" < €/2 and
[Tk, f(k) — Tn,pn)| < €/2 for k > n. If we also have k > f(n) then

[Tk pk) — Tn] < |Thfk) — Tnypn)| + [T, pn) — Tnp] < €

By definition this means that |z — z,| < €.

Done.

The completeness of R has a number of different but equivalent formulations. Here is
one of them. Call a subset A of real numbers bounded from above if there is some y € R
such that © <y for every z in A. Such a y is called an upper bound for A. We are interested
in knowing if there is a least upper bound. For example, when A is the interval (a,5) and
a < 5, A has a least upper bound, namely the number 5. On the other hand, if a > 5, the
set A is empty, and it has no least upper bound. The least upper bound is also called the
supremum, when it exists, and denoted [ub or sup. It is easy to see that the least upper
bound has to be unique if it exists.

Theorem 2 Let A be a non-empty subset of R which is bounded from above. Then A has
a least upper bound.

Proof. As we have already mentioned, this property is actually equivalent to the completeness
of R. Let’s first deduce it from completeness. Since A is bounded from above, there exists,



by definition, some upper bound b; € R. Pick any a; € A, which exists because A is non-
empty. Consider the midpoint z; = (a; + b;)/2 between a; and by. If z; is an upper bound
of A, put by = z; and as = a;. Otherwise, there is an ay € A so that a; > 2z; and we put
by = b;. In both cases we have achieved the inequality |by — as| < %|b1 — ay|. Next consider
the mid-point z5 between as and by and define as, b3 by the same procedure. Continuing
thus “ad infinitum” (to coin a favorite phrase of Fermat), we arrive at two sequences of real
numbers, namely {a,|n > 1} and {b,|n > 1}. If we put ¢ = |x; — 11|, it is easy to see that

by construction,
c

|an - bn| S 2n—1’

and that
1

’an_an+1’ S ‘an_bn| S F

and that the same holds for |b, — b,41|. Consequently, both of these sequences are Cauchy
and have the same limit z € R, say. Now we claim that z is the lub of A. Indeed, since z is
the limit of the upper bounds b,,, it must also be an upper bound. On the other hand, since
it is also the limit of the numbers a,, lying in A, any smaller number than z cannot be an
upper bound of A. Done.

We only sketch of the proof of the converse. Given a Cauchy sequence {x,} in R consider
the set
A = {y € R| the set {n|z,, < y}is finite, possibly empty}.

Then A is nonempty because there is N so that |z, — z,,,| <1 forn,m > N. lf y = xy — 2
then {n|z, <y} C {1,2,..., N} is finite, so y € A. One can then show that a least upper
bound of A, which will in fact be unique, is also a limit of the sequence {x,}.

QED

Finally a word about the geometric representation of real numbers. Real numbers
x can be represented in a one-to-one fashion by the points P = P(x) on a line, called the
real line such that the following hold: (i) if = < y, P(y) is situated strictly to the right of
P(z); and (ii) |x — y| is the distance between P(z) and P(y). In particular, for any pair of
real numbers z,y, the mid-point between P(z) and P(y), which one can find by a ruler and
compass, corresponds to a unique real number z such that |z — y| = 2|z — 2| = 2|y — 2|. It
is customary to identify the numbers with the corresponding points, and simply write = to
denote both. Note that the notions of line and distance here are classical; in modern, set-
theory-based mathematics one simply defines a line as some set of points that is in one-to-one
correspondence with the real numbers.



1.2 The norm in R”

Consider the n-dimensional Euclidean space
R" ={z = (z1, 22, - ,x,) | z; € R, Vi},

equipped with the inner product (also called the scalar product)

j=1

for all z = (z1,...,2,) and y = (y1,...,¥,) in R, and the norm (or length) given by

lell = (2 > 0.
Note that (x,y) is linear in each variable, and that ||z|| = 0iff x = 0.

Basic Properties:

@) lez|| = || ||x||, for all ¢ € R and z € R".
(ii) (triangle inequality) ||z +y|| < |[z|| + ||y, for all z,y € R™.
(iii) (Cauchy-Schwarz inequality) |(z,y)| < ||z||||y||, for all z,y in R™.

Proof.  Part (i) follows from the definition. We claim that part (ii) follows from part (iii).
Indeed, by the bilinearity and symmetry of (.,.),

(z+y,x+y) = (z,2) +(y,y) + 2(z,y).

By the Cauchy-Schwartz inequality, |(z,y)| < ||z||||y||, whence the claim.

It remains to prove part (iii). Since the assertion is trivial if = or y is zero, we may assume
that © #£ 0 and y # 0. If w = ax + Py, with a, 3 € R, we have

(%) 0 < (w,w) = a*(z,2) + 2a5(z,y) + 5y, y).

Since this holds for all «, 3, we are free to choose them. Put

o= <y7y>7 B = _<I7y>‘



Dividing (%) by «, we obtain the inequality

0 < (z,2){y, y) — (z, y)".

Done.

The scalar product (.,.) and norm ||.|| can both be defined on C™ as well. For this we set

=1

where Z denotes, for any z € C, the complex conjugate of z. Here (z,y) is linear in the first
variable, but conjugate linear in the second, i.e., (ax,y) = a(x,y), while (z, ay) = a(z,y),
for any complex scalar a.. In French such a product will be said to be sesquilinear (meaning
“one and a half” linear). In any case, note that (x,z) is a non-negative real number, which
is positive iff x # 0. So again it makes good sense to say that the norm (or length) of any
x € C" to be ||z|| = y/(z,z). It is a routine exercise to verify that the basic properties (i),
(ii), (iii) above continue to hold in this case.

We may define a sequence of vectors vy, vs, ..., 0py,... in R® a Cauchy sequence iff for
every € > 0, we can find an N > 0 such that for all m,r > N, ||v,, — v.|| < . In other
words, the vectors in the sequence eventually become bunched up together, as tightly as one
requires.

Theorem 3 R”" is complete with respect to the norm || ||.

Idea of Proof. The inequality

il = \Ja? < \fat - 4 ap = ]

shows that the components of any || ||-Cauchy sequence in R™ are ordinary Cauchy sequences
in R. Hence we are reduced to part (a) of Theorem 1.

1.3 Basic Open Sets in R"

There are (at least) two types of basic “open” sets in R™, one round, using open balls, and
the other flat, using rectangular boxes.



For each a € R™ and r > 0 set
Bu(r) = {z € R" | |lz — al| < r},
and call it the open ball of radius r and center a; and
By(r) ={z e R" |||z —al| <1},
the closed ball of radius r and center a. One also defines the sphere

Su(r) ={z € R"| ||z —al| =1}

A closed rectangular bor in R™ is of the form
[&, b} = [al,bl] X [ag,bg] X X [an,bn] = {.’L’ e R" ’ x; € [Cli,bi], VZ},

for some a = (ay, -+ ,a,) € R" and b = (by,--- ,b,) € R"™.

An open rectangular boz is of the form

(a,b) = (a1,b1) X (ag,bs) X -+ X (an,b,) ={x € R" | Vix; € (a;,b;)}.

Definition. A basic open set in R?" is (either) an open ball or an open rectangular box.

You can use either or both. One gets the same answers for our problems below. In
this vein, observe that every open ball contains an open rectangular box, and conversely.

Remark. It is important to note that given any pair of basic open sets Vi, V5, we can find
a nonempty basic open set W contained in their intersection V; N V5 if this intersection is

non-empty.

1.4 Open and closed sets

Given any subset X of R", let us denote by X the complement R” — X in R". Clearly, the

complement of the empty set ) is all of R”™.

Let A be a subset of R™ and let y be a point in R™. Then there are three possibilities for

y relative to A.

(IP) There exists a basic open set U containing y such that U C A.

9



(EP) There exists a basic open set U centered at y which lies completely in the complement
of A. ie.,in R" — A.

(BP) Every basic open set centered at y meets both A and A°.

In case (IP), y is called an interior point of A. In case (EP), y is called an exterior
point of A. In case (BP), y is called a boundary point of A. Note that in case (IP)
y € A, in case (EP) y € A, and in case (BP) y may or may not belong to A.)

Definition. A set A in R"™ is open if and only if every point of A is an interior point.

Explicitly, this says: “Given any z € A, we can find a basic open set U containing z such
that U C A

Definition. A C R” is closed if its complement is open.

Lemma 1 A subset A of R™ is closed iff it contains all of its boundary points.

Proof. Let y be a boundary point of A. Suppose y is not in A. Then it belongs to A,
which is open. So, by the definition of an open set, we can find a basic open set U containing
y with U C A° Such a U does not meet A, contradicting the condition (BP). So A must
contain y.

Conversely, suppose A contains all of its boundary points, and consider any z in A¢. Then
z has to be an interior point or a boundary point of A¢. But the latter possibility does not
arise as then z would also be a boundary point of A and hence belong to A (by hypothesis).
So z is an interior point of A°. Consequently, A€ is open, as was to be shown.

Examples. (1) Basic open sets are open: Indeed, let y belong to the open ball B,(r) =
{z | ||z — a|| < r}. Then, since ||y — a|| < r, the number v’ = 3(r — ||y — a||) is positive,
and the open ball By(r’) around y is completely contained in B,,(r). The case of open
rectangular boxes is left as an easy exercise.

(2) The empty set ¢ and R"™ are both open and closed.

Since they are complements of each other, it suffices to check that they are both open,
which is clear from the definition.

(3) Let {W,} be a (possibly infinite and perhaps uncountable) collection of open sets in
R™. Then their union W = U,W,, is also open.
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Indeed, let y € W. Then y € W, for some index «a, and since W, is open, there is an
open set V' C W, containing y. Then we are done asy € V C W, C W.

(4) Let {Wy,Wy,--- ,W,} be a finite collection of open sets. Then their intersection
W = () W; is open.
i=1

Proof. Let y € W. Then y € W;, V;. Since each W; is open, we can find a basic open set V;
such that y € V; C W;. Then, by the remark at the end of the previous section, we can find
a basic open set U contained in the intersection of the V; such that y € U. Done.

Warning. The intersection of an infinite collection of open sets need not be open, already
for n = 1, as shown by the following (counter)example. Put, for each k > 1, W, = (—%, %)
Then N W), = {0}, which is not open.

(5) Any finite set of points A = {P,,..., P} is closed.

Proof. For each j, let U; denote the complement of P; (in R™). Given any z in Uj;, we can
easily find a basic open set V containing z which avoids P;. So U; is open, for each j. The
complement of A is simply N;_,U;, which is then open by (4).

More generally, one can show, by essentially the same argument, that a finite union of
closed sets is again closed.

It is important to remember that there are many sets A in R™ which are neither open
nor closed. For example, look at the half-closed, half-open interval [0,1) in R.

1.5 Compact subsets of R".

It is easy to check that the closed balls B,(r) and the closed rectangular boxes [a,b] are
indeed closed. But they are more than that. They are also bounded in the obvious sense.
This leads to the notion of “compactness”.

Definition. An open covering of a set A in R™ is a collection U = {V,,} of open sets in
R™ such that
A C U, V.

In other words, each V, in the collection is open and any point of A belongs to some V,.
Note that U may be infinite, possibly uncountable.

Clearly, any subset A of R™ admits an open covering. Indeed, we can just take U to be
the singleton {R"}.
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A subcovering of an opencovering U = {V,} of a set A is a subcollection U’ of U such
that any point of A belongs to some set in U’

Definition. A set A in R" is compact if and only if any open covering U = {V,} of A
contains a finite subcovering.

Ezample of a set which is not compact: Let A = (0, 1) be the open interval in R. Look at
U = {Wy, Wy, } where W,,, = (&,1— L), for each m. We claim that ¢/ is an open covering
of A. Indeed, each W, is clearly open and moreover, given any number x € A, then z € W,,
for some m. But no finite subcollection can cover A, which can be seen as follows. Suppose
A is covered by W, , ..., Wy, for some r, with m; < my <... <m,. Then W,,, C W, for
each 7, while the point 1/(m, + 1) belongs to A, but not to W,,,, leading to a contradiction.

Hence A is not compact.

FExample of a set which is compact: Let A be a finite set C R™. Then A is compact.
Prove it!

Theorem 4 (Heine—Borel) The closed interval [a,b] in R is compact for any pair of real
numbers a, b with a < b.

Proof. Let U = {V,} be an open covering of [a,b]. Let us call a subset of [a,b] good if
it can be covered by a finite number of V,,. Put

J = {z €la,b)|[a,z] is good}.

Clearly, a belongs to J, so J is non-empty, and by Theorem 1 of section 2.1, J has a least
upper bound; denote it by z. Since b is an upper bound of J, z < b. We claim that z lies
in J. Indeed, pick any open set V3 in & which contains z. (This is possible because U is
an open covering of [a,b] and z lies in this interval.) Then Vj will contain points to the left
of z; call one of them y. Then, by the definition of [ub, y must lie in J and consequently,
la, y] is covered by a finite subcollection {V,,,...,V,,} of U. Then [a, z] is covered by U’ =
{Vs,Vay, .-, Va, }, which is still finite; so z € J. In fact, z has to be b. Otherwise, the open
set Vg will also contain points to the right of z, and if we call one of them ¢, say, [a,t] will
be covered by U’, implying that ¢ lies in J, contradicting the fact that z is an upper bound
of J. Thus b lies in J, and the theorem is proved.

Call a subset A in R™ bounded if we can enclose it in a closed rectangular box.

Theorem 5 Let A be a subset of R™ which is closed and bounded. Then A is compact.
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Corollary 1 Closed balls and spheres in R™ are compact.

Remark. It can be shown that the converse of this theorem is also true, i.e., any compact
set in R" is closed and bounded.

Proof of Theorem 5.  The first step is to show that any closed rectangular box
R = [a,b] in R™ is compact: When n = 1, this is just the Heine-Borel theorem. So let
n > 1 and assume by induction that the assertion holds in dimension < n. Now we can write

R = [al,bl] X R/, with R = [ag,bg] X ... X [an,bn].

Let U = {W,} be an open covering of R. Then, for each y =t x ¢/ in R with ¢ in [ay, b;]
and ¥ = (ya2,...,y,) in R, there is a open set W, (y) in U containing this point. By the
openness of W, (y), we can then find an interval (¢;,d;) C R and an open rectangular box
(¢,d") € R"! such that t x y € (c1,dy) x (c/;d') C Wu(y). Then the collection of the sets
(d,d) for y' € R and t fixed covers R'. Since R’ is compact by the induction hypothesis,
we can find a finite set, call it V', of the (¢, d’) whose union covers R'. Let I(t) denote the
intersection of the corresponding finite collection of open intervals (c;,d;), which is open
(cf. the previous section) and contains ¢. Then the collection {/(¢)} is an open covering of
la1, by]. By Heine-Borel, we can then extract a finite subcovering, say V, of [a1, b1]. It is now
easy to see that V x V' is a finite subcovering of [a,b]. For any (¢1,d;) € V and (¢/,d') € V'
we have (¢,dy) x (¢/,d") C W, for some « so R is contained in a union of finitely many W,’s.

The next step is to consider any closed, bounded set A in R”. Pick any open covering
U of A. Since A is bounded, we can enclose it completely in a closed rectangular box [a, b].
Since A is closed, its complement A° is open. Thus U U {A°} is an open covering of [a, b].
Then, by the first step, a finite subcollection, say {V,,,. .., Va., A°} covers [a, b]. Then, since
A°N A =0, the (finite) collection {V,,,...,V,.} covers A. Done.

1.6 Vector fields and continuity

We are interested in functions:
f:D—R™

with D C R", called the domain of f. The image (or range) of f is f(D) C R™. Such an
f is called a vector field. When m = 1, one says scalar field instead, for obvious reasons.

For each j < m, we write f;(z) for the jth coordinate of f(z). Then f is completely
determined by the collection of scalar fields { f;|j = 1,...,m}, called the component fields.
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Definition. Let a € D, b € R™. Then b is the limit of f(z) as x tends to a, denoted
b= lim f(z),

if the following holds:  For any € > 0 there is a § > 0 so that for all x € D with ||z —a|| < 6
we have || f(x) — b|| <e.

This is just the like the definition of limits for functions on the real line but with the
absolute value replaced by the norm. In dimension 1, the existence of a limit is equivalent to
having a right limit and a left limit, and then having the two limits being equal. In higher
dimensions, one can approach a point a from infinitely many directions, and one way to
think of it will be to start with an open neighborhood of a and then shrinking it in many
different ways to the point a. So the existence of a limit is more stringent a condition here.

The definition of continuity is now literally the same as in the one variable case:

Definition. Let a be in the domain D. Then f(z) is continuous at x = a if and only if

lim f(z) = f(a)
Remarks:

a) A vector field f is continuous at a iff each component field f; is continuous, for j =
1,...,m.

b) In these definitions we need not assume that a is an interior point of D. For example,
a could be a boundary point of a domain D which is a closed box. In an extreme case
a could also be the only point of D in some open ball. In this case continuity becomes
an empty condition; every function f is continuous at such a “discrete” point a.

Examples:

(1) Let f(z,y,2) = ((2* +y*x)2% 2y + y2z), D = R3. Then f:R?® — R? is continuous at
any a in R".

More generally, any polynomial function is n variables is continuous everywhere. Ratio-
Ty, Ty

Q(xla T axn)

(2) f is a polynomial function of sines, cosines and exponentials.

nal functions are continuous at all x = (z1,--- ,z,) where Q(z) # 0.

It is reasonable to ask at this point what all this has to do with open sets and compact
sets. We answer this in the following two lemmas. We call a subset of D C R"™ open, resp.
closed, if it is the intersection of an open, resp. closed set of R with D.

14



Lemma 2 Let f: D — R™ be a vector field. Then f is continuous at every point a € D if
and only if the following holds: For every open set W of R™, its inverse image f~(W) :=
{r € D|f(x) € W} C D is open.

Warning: f continuous does not mean that the image of an open set is open. Take, for
instance, the constant function f : R — R, given by f(z) = 0, for all x € R. This is a
continuous map, but any open interval (a,b) in R gets squished to a point, and f((a,b)) is
not open.

i
open. Hence we can find a small ball B,(§) ND C f~!(By(a)(¢)) around a € f~(B(a)(e)
which implies that f is continuous at a.

Remark: This Lemma shows that the notion of continuity does not depend on the par-
ticular norm function used in its definition, only on the collection of open sets defined via
this norm function (recall the equivalent ways of using boxes or balls to define open sets).

Lemma 3 Let f : R" — R™ be continuous. Then, given any compact set C' of R", f(C') is
compact.

Proof. Let C be a compact subset of R". Pick any open covering U = {W,} of f(C).
Then by the previous lemma, if we put V, = f~'(W,), each V, is an open subset of R".
Then the collection {V,} will be an open covering of C. By the compactness of C', we ca
then find a finite subcovering {V,,, ..., V,, } of C. Since each W, is simply f(V,,), f(C) will
be covered by the finite collection {W,,, ..., W,, }. Done.

As a consequence, any continuous image of a closed rectangular box or a closed ball or a
sphere will be compact.
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Chapter 2

Differentiation in higher dimensions

2.1 The Total Derivative

Recall that if f: R — R is a 1-variable function, and a € R, we say that f is differentiable
at © = a if and only if the ratio w tends to a finite limit, denoted f’(a), as h tends
to 0.

There are two possible ways to generalize this for vector fields
f:D—R" DCR",

for points a in the interior D° of D. (The interior of a set X is defined to be the subset
XY obtained by removing all the boundary points. Since every point of X is an interior
point, it is open.) The reader seeing this material for the first time will be well advised to
stick to vector fields f with domain all of R™ in the beginning. Even in the one dimensional
case, if a function is defined on a closed interval [a, b], say, then one can properly speak of
differentiability only at points in the open interval (a,b).

The first thing one might do is to fix a vector v in R™ and saythat f is differentiable
along v iff the following limit makes sense:

1
lim - (f(a + hv) = f(a)).

When it does, we write f’(a;v) for the limit. Note that this definition makes sense because a
is an interior point. Indeed, under this hypothesis, D contains a basic open set U containing
a, and so a + hv will, for small enough h, fall into U, allowing us to speak of f(a+ hv). This



derivative behaves exactly like the one variable derivative and has analogous properties. For
example, we have the following

Theorem 1 (Mean Value Theorem for scalar fields) Suppose f is a scalar field. Assume
f'(a + tv;v) exists for all 0 < t < 1. Then there is a t, with 0 < t, < 1 for which
fla+v) = f(a) = f'(a+tov;v).

Proof. Put ¢(t) = f(a + tv). By hypothesis, ¢ is differentiable at every ¢ in [0, 1], and
@' (t) = f'(a + tv;v). By the one variable mean value theorem, there exists a ¢y such that

¢ (to) is ¢(1) — ¢(0), which equals f(a +v) — f(a). Done.

When v is a unit vector, f'(a;v) is called the directional derivative of f at a in the
direction of v.

The disadvantage of this construction is that it forces us to study the change of f in one
direction at a time. So we revisit the one-dimensional definition and note that the condition
for differentiability there is equivalent to requiring that there exists a constant ¢ (= f'(a)),

h) — —ch
such that ’llir% (f(a—i— ) hf(a) CY) = 0. If we put L(h) = f'(a)h, then L : R — R is
clearly a linear map. We generalize this idea in higher dimensions as follows:

Definition. Let f: D — R™ (D C R") be a vector field and a an interior point of D. Then
f is differentiable at x = a if and only if there exists a linear map L : R” — R™ such that

NI flatu) = fla) = L(w)]] _

() lim 0.
u—0 [lull
Note that the norm || - || denotes the length of vectors in R™ in the numerator and in R™ in

the denominator. This should not lead to any confusion, however.

Lemma 1 Such an L, if it exists, is unique.

Proof. Suppose we have L, M : R" — R™ satisfying (*) at = a. Then

o JE@ = M@ L) + f(@) = fla+w) + (fla+u) = f(@) = M(w)]
Tl b ]
< LS St )
I LEDES (CERCI



Pick any non-zero v € R", and set u = tv, with t € R. Then, the linearity of L, M implies
that L(tv) = tL(v) and M (tv) = tM(v). Consequently, we have

- L(tv) = M(#)]

lim 0
t—0 |[tv]]
t| || L(v) — M
o HIER) - M)
10 t] [|v]]

1
= L) - M)
[[]]
Then L(v) — M(v) must be zero.

Definition. If the limit condition (*) holds for a linear map L, we call L the total deriva-
tive of f at a, and denote it by T, f.

It is mind boggling at first to think of the derivative as a linear map. A natural question
which arises immediately is to know what the value of T} f is at any vector v in R™. We will
show in section 2.3 that this value is precisely f’(a;v), thus linking the two generalizations
of the one-dimensional derivative.

Sometimes one can guess what the answer should be, and if (*) holds for this choice, then
it must be the derivative by uniqueness. Here are two examples which illustrate this.

(1) Let f be a constant vector field, i.e., there exists a vector w € R™ such that
f(z) = w, for all  in the domain D. Then we claim that f is differentiable at any a € D°
with derivative zero. Indeed, if we put L(u) = 0, for any u € R", then (*) is satisfied,
because f(a+u)— f(a) =w —w = 0.

(2) Let f be a linear map. Then we claim that f is differentiable everywhere with
T.f = f. Indeed, if we put L(u) = f(u), then by the linearity of f, f(a+u) — f(a) = f(u),
and so f(a+u)— f(a)— L(u) is zero for any u € R™. Hence (*) holds trivially for this choice
of L.

Before we leave this section, it will be useful to take note of the following:

Lemma 2 Let fi,..., fm be the component (scalar) fields of f. Then f is differentiable at
a iff each f; is differentiable at a. Moreover, T'f(v) = (T f1(v), T fo(v), ..., T fu(g)).

An easy consequence of this lemma is that, when n = 1, f is differentiable at a iff the
following familiar looking limit exists in R™:
i F0 1) = (@)
h—0 h




allowing us to suggestively write f’(a) instead of T, f. Clearly, f'(a) is given by the vector
(fi(a),..., f (a)), so that (T, f)(h) = f'(a)h, for any h € R.

Proof. Let f be differentiable at a. For each v € R", write L;(v) for the i-th component
of (T,f)(v). Then L; is clearly linear. Since f;(a + u) — f;(u) — L;(u) is the i-th component
of f(a+u)— f(a) — L(u), the norm of the former is less than or equal to that of the latter.
This shows that (*) holds with f replaced by f; and L replaced by L;. So f; is differentiable
for any i. Conversely, suppose each f; differentiable. Put L(v) = ((Tuf1)(v), ..., (Tufm)(©)).
Then L is a linear map, and by the triangle inequality,

1f(a+u) = fla) = L(u)]| < Z |fila+u) = fila) — (Tafi)(u)]

It follows easily that (*) exists and so f is differentiable at a.

2.2 Partial Derivatives

Let {e1,...,e,} denote the standard basis of R™. The directional derivatives along the unit
vectors e; are of special importance.

Definition. Let j < n. The jth partial derivative of f at + = a is f'(a;e;), denoted by

g—jj(a) or D;f(a).

0 of;
Just as in the case of the total derivative, it can be shown that —f(a) exists iff J
L L

(a)
exists for each coordinate field f;.

Example: Define f : R? — R? by

[y, 2) = (€W zcos(y)).

0
All the partial derivatives exist at any a = (2o, Yo, 20). We will show this for 8_f and leave
Y
it to the reader to check the remaining cases. Note that

erosin(yo+h) _ ezosin(yo) - cos(y + h) — cos(yp)

1
F(flahes) = fla)) = ( . - )

We have to understand the limit as h goes to 0. Then the methods of one variable calculus
show that the right hand side tends to the finite limit (zgcos(yo)e™s™m®0) | —zqsin(yp)), which
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0
is —f(a). In effect, the partial derivative with respect to y is calculated like a one variable

dy
0 :
derivative, keeping = and z fixed. Let us note without proof that a—f(a) is (sin(yg)e®osmo), 0)
x

and %(a) is (0, cos(yo)).

It is easy to see from the definition that f'(a;tv) equals tf'(a;v), for any t € R. This
follows as +(f(a+ h(tv)) — f(a)) = t#(f(a+ (ht)v) — f(a)). In particular the Mean Value
Theorem for scalar fields gives f;(a + hv) — f(a) = hf(a + tohv) = hfi(a + Tv) for some
0<7r<h.

We also have the following

Lemma 3 Suppose the derivatives of f along any v € R™ exist near a and are continuous
at a. Then

Flaso+0) = flago) + flas),
for all v,v" in R™. In particular, the directional derivatives of f are all determined by the n
partial derivatives.

We will do this for the scalar fields f;. Notice

fila+hv+ ') — fila) = fila+hv+h')— fila+ h) + fila+ hvo) — f(a)
= hfila+hv+70") + hfila+ 7'v)

where here 0 < 7 < h and 0 < 7/ < h. Now dividing by h and taking the limit and A — 0
gives f!/(a;v+ ') for the first expression. The last expression gives a sum of two limits

limy—of{(a + hv 4+ 70") 4+ limy, o f{ (@ + 7'v; V).

But this is f/(a;v) + f!(a;v").Recall both 7 and 7" are between 0 and h and so as h goes to
0 so do 7 and 7’. Here we have used the continuity of the derivatives of f along any line in
a neighborhood of a.

Now pick ey, e, . . ., €, the usual orthogonal basis and recall v = 3" a;e;. Then f'(a;v) =
f(a; > aze;) = > aif'(a;e;). Also the f'(a;e;) are the partial derivatives. The Lemma now
follows easily.

In the next section (Theorem 1la) we will show that the conclusion of this lemma remains
valid without the continuity hypothesis if we assume instead that f has a total derivative at
a.



The gradient of a scalar field g at an interior point a of its domain in R" is defined to
be the following vector in R™:

Vo(a) = wadg(a) = (L@ 51 @).
assuming that the partial derivatives exist at a.

Given a vector field f as above, we can then put together the gradients of its component
fields f;, 1 <7 < m, and form the following important matrix, called the Jacobian matrix

at a: 8f
Df(a) = ( a <a>) € My (R).
J 1<i<m,1<j<n

Il e R

0
The i-th row is given by V f;(a), while the j-th column is given by a—f(a). Here we are using
T

the notation M,,,(R) for the collection of all m x n-matrices with real coefficients. When
m = n, we will simply write M, (R).

2.3 The main theorem

In this section we collect the main properties of the total and partial derivatives.

Theorem 2 Let f: D — R™ be a vector field, and a an interior point of its domain D C R"™.

(a) If f is differentiable at a, then for any vector v in R",
(Taf)(v) = f'(a,v).
In particular, since T, f s linear, we have
fla;av+ Bv') = af'(a;0) + 8f(a;0),
for all v,v" in R™ and «, B in R.

(b) Again assume that f is differentiable. Then the matriz of the linear map T,f relative
to the standard bases of R™, R™ is simply the Jacobian matriz of f at a.

(c) f differentiable at a = f continuous at a.

(d) Suppose all the partial derivatives of f exist near a and are continuous at a. Then T, f
er1sts.



(e) (chain rule) Consider

rR® L. R L R

a — b= f(a)

Suppose f is differentiable at a and g is diffentiable at b = f(a). Then the composite
function h = g o f is differentiable at a, and moreover,

Tuh = Thgo 1o f.
In terms of the Jacobian matrices, this reads as

Dh(a) = Dg(b)Df(a) € M.

(f) (m=1) Let f, g be scalar fields, differentiable at a. Then
(1) To(f+9) =T.f +Tog  (additivity)
(ii) T,(fg) = f(a)T,g + g(a)T,f  (product rule)

[y 9@)Taf — fla)Tag i a uotient rule
(ii1) Ta(g) = o(a)? f g(a) #0  (quotient rule)

The following corollary is an immediate consequence of the theorem, which we will make
use of, in the next chapter on normal vectors and extrema.

Corollary 1 Let g be a scalar field, differentiable at an interior point b of its domain D in
R™, and let v be any vector in R™. Then we have

Vg(b) - v = g'(biv).

Furthermore, let ¢ be a function from a subset of R into D C R", differentiable at an interior
point a mapping to b. Put h = go ¢. Then h is differentiable at a with

h(a) = Vg(b) - ¢/(a).

Proof of main theorem. (a) It suffices to show that (T, f;)(v) = fi(a;v) for each i < n.

By definition,
oo i w) = fifa) = (Tufi) Wl

u—0 [Jull

=0




This means that we can write for u = hv, h € R,

o i 10) = £i(@) = W(TL 1))

=0.
h—0 [l ]|

In other words, the limit }Liné w exists and equals (7, f;)(v). Done.

(b) By part (a), each partial derivative exists at a (since f is assumed to be differentiable
at a). The matrix of the linear map 7T, f is determined by the effect on the standard basis
vectors. Let {e/|1 <i < m} denote the standard basis in R”. Then we have, by definition,

(Tuf)(es) = Z(T fes)el = Z el

The matrix obtained is easily seen to be D f(a).
(c) First we need the following simple

Lemma 4 Let T : R" — R™ be a linear map. Then, Jc > 0 such that ||Tv|| < ¢||v|| for any
v e R

Proof of Lemma. L%t A be the matrix of T relative to the standard bases. Put C =
max;{||T(e;)||}. If v = "> aje;, then
j=1

ITEI = 13 aTE)l < CY a1

< CQ_lay)'PQ_ DY < CValll,

j=1 j=1
by the Cauchy-Schwarz inequality. We are done by setting ¢ = C'y/n.

This shows that a linear map is continuous as if ||v — w|| < § then ||T(v) — T(w)|| =
T (v —w)|| < c||v—w|| < cb.

(c) Suppose f is differentiable at a. This certainly implies that the limit of the function
fla+u) — f(a) — (T,f)(u), as u tends to 0 € R™, is 0 € R™ (from the very definition of
Tof, || f(a+u) — f(a) — (T, f)(u)|| tends to zero ”faster” than ||ul|, in particular it tends
to zero). Since T, f is linear, T, f is continuous (everywhere), so that lim, .o(7,f)(u) = 0.
Hence lim, ¢ f(a 4+ u) = f(a) which means that f is continuous at a.
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(d) By hypothesis, all the partial derivatives exist near a = (ay, . .., a,) and are continuous
there. It suffices to show that each f; is differentiable at a by lemma 2. So we have only to
show that (*) holds with f replaced by f; and L(u) = f/(a;u). Write u = (hy,..., hy,). By

Lemma 3, we know that f/(a; —) is linear. So

and we can write

fila+u) = fi(a) = Z(cbj(aj +hy) — ¢;(ay)),

where each ¢; is a one variable function defined by

¢;(t) = filar +hi, ... a0 +hji1,t a0, an).
By the mean value theorem,

ol 1) = 0y(as) = Dy (5) = by L)

for some t; € [a;, a; + h;], with

y(]) = (a1 + hl, e ,CLj_l + hj_l,tj,ajH, . ,an).

Putting these together, we see that it suffices to show that the following limit is zero:
lim — .
iy 1 o (5@ - 320

Clearly, |h;| < ||ul|, for each j. So it follows, by the triangle inequality, that this limit is

0f; (a)— 0f; (y(7))|, which is zero by the continuity
Ox; Oz,

bounded above by the sum over j of hm |

of the partial derivatives at a. Here we are using the fact that each y(j) approaches a as h;
goes to 0. Done.

Proof of (e) Write L=T,f, M =Ty,g, N =M o L. To show: T,h = N.

Define F(z) = f(x) — f(a) — L(z — a), G(y) = g(y) — g(b) — M(y — b) and H(z) = h(z) -
h(a) — N(x — a). Then we have

L IE@I L IGW)

=a ||z — al| v [ly = BI[




So we need to show:

L H @)

w2 [z —al]

= 0.
But

H(z) = g(f(x)) = g(b) = M(L(x — a))
Since L(x — a) = f(x) — f(a) — F(x), we get

H(z) = [g(f(x)) = g(b) = M(f(z) — f(a))] + M(F(2)) = G(f(x)) + M(F(z)).
Therefore it suffices to prove:

o i IOV

==a ||z — al

i)t M@

i—alz—all

M@

By Lemma 4, we have ||M(F(z))|| < c||F(x)]||, for some ¢ > 0. Then T T
r—a

i IF@))

o=a ||z — d]

= 0, yielding (ii).

On the other hand, we know hn[}7 ||||G(y?)||||
y=b ||y —

d > 0 such that ||G(f(x))|| < €||f(x) —b]| if ||f(x) — b|]| < §. But since f is continuous,
|| f(z) — b]| <6 whenever ||z — a|| < d1, for a small enough §; > 0. Hence

NG < ellf(x) = bl = €l[F(z) + L(z — a)]
el[F(@)]] + e[| L{z = a)],

by the triangle inequality. Since lim UE@I

z—a llz=all

= 0. So we can find, for every ¢ > 0, a

is zero, we get

G e —a)l

==a ||z — al ==a |z —al|

Applying Lemma 4 again, we get ||L(z — a)|| < ||z — a|, for some ¢ > 0. Now (i) follows
easily.

(f) (i) We can think of f+ g as the composite h = s(f, g) where (f, g)(z) = (f(z), g(x))
and s(u,v) = u+v (“sum”). Set b = (f(a),g(a)). Applying (e), we get

T.(f+9) = To(s) o To(f, 9) = To(f) + Tulg).
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Done. The proofs of (ii) and (iii) are similar and will be left to the reader.

QED.

Remark. It is important to take note of the fact that a vector field f may be differentiable
at a without the partial derivatives being continuous. We have a counterexample already
when n = m =1 as seen by taking

f(z) = 2%sin (i) if x#0,

and f(0) = 0. This is differentiable everywhere. The only question is at x = 0, where the

relevant limit lim £ is clearly zero, so that f’ (0) = 0. But for x # 0, we have by the

h—0 P
f'(z) = 2xsin (i) — o8 (i) :

product rule,
which does not tend to f'(0) = 0 as = goes to 0. So f’ is not continuous at 0.

2.4 Mixed partial derivatives

Let f be a scalar field, and a an interior point in its domain D C R". For j, k < n, we may
consider the second partial derivative

P 0 [of
8:cj6:z:k(a) = o, (8_:ck) (a),

when it exists. It is called the mized partial derivative when j # k, in which case it is of
interest to know whether we have the equality

0? o?
(3.4.1) / a) = / a).
aflfjal‘k 8xk8a:j
2 2
Proposition 1 Suppose nd both exist near a and are continuous there.

Ox;j0xy, ¢ 01,0z
Then the equality (3.4.1) holds.

The proof is similar to the proof of part (d) of Theorem 1.
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Chapter 3

Tangent spaces, normals and extrema

If S is a surface in 3-space, with a point a € S where S looks smooth, i.e., without any
fold or cusp or self-crossing, we can intuitively define the tangent plane to S at a as follows.
Consider a plane II which lies outside S and bring it closer and closer to S till it touches S
near a at only one point, namely a, without crossing into S. This intuitive picture is even
clearer in the case of finding the tangent line to a smooth curve in the plane at a point. A
slightly different way is to start with a plane II in R? which slices S in a small neighborhood
U = B,(r) of a, and then consider the limit when II N U shrinks to the point a, and call
the limiting plane the tangent plane at a. In the case of a plane curve arising as the graph
of a nice function f, one knows that this process works and gives the slope of the tangent
line to be f’(a). In higher dimensions, if S lies in R", one can define tangent vectors by
considering smooth curves on S through the point a, and when S is a level set of the form
f(z1,...,2,) = ¢, one can use the gradient of f at a to define the tangent space. But this
method fails when the gradient vanishes at a. Finally, it should be noted that one often
defines the tangent space at a, when it makes sense, in such a way that it becomes a vector
space. But if one looks at the case of plane curves, the usual tangent line is not a vector
space as it may not contain the origin 0 (= (0,0)), unless of course if a = 0. It becomes a
vector space if we parallel translate it to the origin by subtracting a. It is similar in higher
dimensions. One calls a plane in 3-space an affine plane if it does not pass through the
origin.



3.1 Tangents to parametrized curves

By a parametrized curve, or simply a curve, in R", we mean the image C' of a continuous
function
. n
a:[r,s] = R",

where [r, s] is a closed interval in R.

C is called a plane curve, resp. a space curve, if n = 2, resp. n = 3. An example
of the former, resp.the latter, is the cycloid, resp. the right circular helix, parametrized
by a : [0,27r] — R? with a(t) = (¢ — sint,1 — cost), resp. (3 : [-3m, 67 — R® with
B(t) = (cost,sint,t).

Note that a parametrized curve C' has an orientation, i.e., a direction; it starts at
P = a(r), moves along as t increases from r, and ends at Q = a(s). We call the direction
from P to ) positive and the one from () to P negative. It is customary to say that C' is a
closed curve if P = ().

We say that C' is differentiable iff « is a differentiable function.

Definition. Let C be a differentiable curve in R" parametrized by an « as above. Let
a = a(ty), with tg € (r,s). Then o/(to) is called the tangent vector to C' at a (in the
positive direction).

For example, consider the unit circle C in the plane given by a : [0,27] — R? ¢t —
(cost,sint). Clearly « is differentiable, and we have o/(t) = (—sint, cost) for all ¢ € (0, 27).
Consider the point a = (1/2,4/3/2) on the circle; clearly, a = a(r/3). By the above
definition, the tangent vector to C at a is given by o/(7/3) = (—v/3/2,1/2). Let us now
check that this agrees with our notion of a tangent from one variable Calculus. To this
end we want to think of C' as the graph of a one variable function, but this is not possible
for all of C'. However, we can express the upper and the lower semi-circles as graphs of
such functions. And since the point of interest a lies on the upper semi-circle C*, we look
at the function y = f(z) with f(z) = /1 — 22, whose graph is C". Note that (by the
chain rule) f'(z) = —x(1 — 22)~Y/2. The slope of the tangent to C* at a is then given by
f'(1/2) = —1/+/3. Hence the tangent line to C' at a is the line L passing through (1/2,v/3/2)
of slope —1/+/3. This is the unique line passing through a in the direction of the tangent
vector (—v/3/2,1/2). (In other words L is the unique line passing through a and parallel
to the line joining the origin to (—v/3/2,1/2).) The situation is similar for any plane curve
which is the graph of a one-variable function f, i.e. of the form «(t) = (¢, f(¢)). So the
definition of a tangent vector above is very reasonable.



3.2 Tangent Spaces and Normals to Level Sets.

In the last paragraph we have defined the tangent line to a parametrized curve. This is a
set defined by a map into R". Here we look at different kinds of sets which are defined by
maps from R".

Definition. Let f: D — R, D C R", be a scalar field. For each ¢ € R, the level set of f
at c is given by
Le={zeD| f(z) =c}

Example. f(z) = height from sea level, where x is a point on Mount Wilson (sitting in
R3). L.(f) consists of all points of constant height above sea level, just like those lines on a
topographic map.

Definition. Let f : D — R, D C R", be a differentiable scalar field and a € L.(f). If
Vf(a) # 0 then we define the tangent space ©,(L.(f)) to L.(f) at a to be the vector
space

Ou(Lo(f) = {x € B* | Vf(a) -2 = O}.

This is a solution set of one nonzero equation in R"™, hence a vector space of dimension
n — 1. One calls a point a € L.(f) where Vf(a) # 0 a smooth point of L.(f). The idea
being that a small neighborhood of a in L.(f) looks just like a small neighborhod of any
point in R"~! though we won’t make this statement precise.

Definition. Let f, L.(f) and ©,(L.(f)) be as in the previous definition. A normal vector
(to L.(f) at a) is a vector v € R™ orthogonal to all vectors in ©,(L.(f)).

It is clear that the normal vectors are just the scalar multiples of V f(a) (verify this!).
Tangent vectors point “in the direction of” the level set whereas normal vectors point “as
far away as possible” from the level set.

Our two notions of tangent space are related by the following observation.

Proposition. Let f: D — R be a differentiable scalar field, with D C R", a: R — L.(f)
a curve which is differentiable at ty € R and so that a = a(tp) is a smooth point of L.(f).
Then o' (ty) € O4(L:(f)).



Proof. Since « takes values in the level set we have f(«(t)) = ¢ for all t € R. Applying
the chain rule to A(t) := f(«(t)) (a constant function!) we find

0="hr(t) = Vf(a)-d(t)
which means that o/ (ty) € ©,(L.(f)). QED

In particular, if n = 2 we know that ©,(L.(f)) has dimension 1. So it must coincide
with the tangent line defined for parametrized curves in the previous section. One can in
fact show that given a smooth point a € L.(f) there always is a curve o : R — L.(f) with
a(0) = a and «’(0) any given tangent vector in ©,(L.(f)). But we won’t prove this here.

Given any subset S of R", and a point a € S, one may ask whether there is always a good
notion of tangent space to S at a. If one starts with the idea that o/ (o) for any parametrized
curve : a : R — § should be a tangent vector, the tangent vectors might not form a linear
space. Consider the example S = {(x,y) € R*|lzy = 0} at a = (0,0). The only differentiable
curves in S through a (with non-zero gradient at 0) lie on one of the coordinate axes, and
the tangent vectors are those of the form (0,a) or (a,0). If a set has a “corner” or “cusp”
at a € S there might be no differentiable curve with a = a(ty) and o/(ty) # 0. Consider
S ={(z,y) € R*|lzy =0,z > 0,y > 0} and a = (0,0).

However, the two classes of sets we have studied so far readily generalize and so does the
notion of tangent space for them.

Definition We say that S C R"™ can be differentiably parametrized around a € S if
there is a bijective, i.e., one-to-one and onto, differentiable function o : R¥ — S C R™ with
a(0) = a and so that the linear map Ty« has largest possible rank, namely k. The tangent
space to S at a is the simply the image of Tya, a linear subspace of R". In particular we
must have k < n.

Definition. Let f : R” — R™ be a vector field with components (fi,..., f,n). Then for
c=(c1,..,cn) € R™ the level set

Le(f) = Az e R*"[f(2) = ¢} = Loy (f1) 0o 0 Ly (fin)

is defined as before, and the tangent space

Ou(Le(f)) = {z e R"|(Tof)(x) = O}

is defined if T, f has largest possible rank, namely m. This latter condition is equivalent to
requiring V fi(a), ..., V fm(a) to be linearly independent. We also have

Ou(Le(f)) = OulLe, (f1)) N .. N OulLe,, (fm)

4



and dimg O,(L.(f)) =n —m.

Once we have the notion of tangent space, a normal vector is defined as before for both
classes of examples. Note that n — m is also the (intuitive) dimension of L.(f).

Examples:

(1) Find a normal to the surface S given by z = 2%y* +y + 1 at (0,0,1):  Set f(z,y,z) =
2?y*+y—2+1. Then z = 2%y +y+ 1 iff (z,y,2) lies on the level set Ly(f). Since f is a
polynomial function, it is differentiable. We have:

Vf(a) = (2zy*,22°y +1,—1)|001) = (0,1, 1),

which is a normal to Lo(f) = S. Indeed, as the proof of the Proposition above shows, to be
normal to a level set L.(f) at a point a is the same as being perpendicular to the gradient
of f at that point, namely V f(a). So a unit normal is given by n = (0,1/v/2, —1/v/2).

(2) (Physics example) Let P be a unit mass particle at (z,y,z) in R3. Denote by F
the gravitational force on P exerted by a point mass M at the origin. Then Newton’s

gravitational law tells us that
- GM (F)
Fr=—-—>I1-),
r r

where 7 = xi + yj + zk, r = ||]|, and G the gravitational constant. (Here 7,7,k denote
the standard basis vectors (1,0,0),(0,1,0),(0,0,1).) Put V = —GM/r, which is called
the gravitational potential. By chain rule, %—‘; equals GT—]QW%. Similarly for %—V and %—V.
y z

Therefore

GM(5T or 87“)_GM($ Y Z)_ﬁ

r2 “0x’ Oy 0z" 2 ‘r’r’el T
For ¢ < 0, the level sets L (V) are spheres centered at the origin of radius —GM/c, and F
is evidently perpendicular to each of them. Note that F' gets stronger as r gets smaller as

the physical intuition would suggest.

(3) Let f =2+ ¢y>+ 2% and g = v+ y + 2. The level set S := Lio(f) N Ly(g) is a curve.
The set SN{(z,y,2) € R3|z >0,y > 0,z > 0} is closed and bounded hence compact (verify
this!).

3.3 Relative maxima, relative minima and saddle points.

Let f: D — R be a scalar field, and let a be a point in the interior of D.
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Definition.  The point a = (a4, ...,a,) is a relative maximum (resp. relative mini-
mum) iff we can find an open ball B,(r) completely contained in D such that for every x in

Ba(r), f(z) < f(a) (vesp. f(x) = f(a)).

By a relative extremum we mean a point a which is either a relative maximum or a
relative minimum. Some authors call it a local extremum.

Ezamples:

(1) Fix real numbers by,bs,...,b,, not all zero, and consider f : R" — R defined
by f(z1,x9,...,2,) = bixy + bexs + ... + byx,. In vector language, this is described by
f(x) = b-z. Then no point in R™ is a relative extremum for this function. More precisely,
we claim that, given any @ in R" and any other vector v € R", f(z) — f(a) is positive and
negative for all z near a along the direction defined by v. Indeed, if we write © = a + tv, the
linearity of f shows that f(xz) — f(a) = tf(v), which changes sign when ¢ does.

(2) Fix a non-zero real number b and consider the scalar field f(z,y) = b(z* + y?) on
R% Tt is an easy exercise to see that f has a local extremum at (0,0), which is a relative
maximum iff b is negative.

(3) Let f: R — R be the function defined by f(z) = = — [z], where [z] denotes the
largest integer which is less than or equal to z, called the integral part of x. (For example,
[7] = 3, [V/2] = 1 and [~7] = —4.) Then it is easy to see that f(z) is always non-negative
and that f(n) = 0 for all integers n. Hence the integers n are all relative minima for f. The
graph of f is continuous except at the integers and is periodic of period 1. Moreover, the
image of f is the half-closed interval [0,1). We claim that there is no relative maximum.
Indeed the function is increasing (with slope 1) on [n,n + 1) for any integer n, any relative
maximum on [n,n + 1) has to be an absolute maximum and this does not exist; f(x) can
get arbitrarily close to 1 but can never attain it.

In the first two examples above, f was continuous, even differentiable. In such cases the
relative extrema exert an influence on the derivative, which can be used to locate them.

Lemma. Ifa=(ay,...,a,)is a relative extremum of a differentiable scalar field f, then
V f(a) is zero.

Proof. For every j =1,...,n, define a one-variable function g; by

g](t) = f(ab sy A1, 05 +taaj+17 s 7&71)7

so that ¢;(0) = f(a). Since f has a relative extremum at a, g; has a local extremum at
0. Since f is differentiable, g; is differentiable as well, and we see that by Ma la material,
9;(0) = 0 for every j. But g;(0) is none other than %(a). Since Vf(a) = (aa—gfl(a), . %(a)),
it must be zero.



QED.

Definition. A stationary point of a differentiable scalar field f is a point a where
Vf(a) =0. Tt is called a saddle point if it is not a relative extremum.

Some call a stationary point a critical point. In the language of the previous section,
stationary points are the non-smooth points of the level set. But here we focus on the
function rather than its level sets, hence the new terminology.

Note that if a is a saddle point, then by definition, every open ball B,(r) contains points
x with f(x) > f(a) and points 2’ such that f(z') < f(a).

Ezamples (contd.):

(3) Let f(x,y) = 2% —¢?, for all (z,y) € R% Being a polynomial, f is differentiable
everywhere, and Vf = (2x,—2y). So the origin is the unique stationary point. We claim
that it is a saddle point. Indeed, consider any open ball By(r) centered at 0. If we move
away from 0 along the y direction (inside By(r)), the function is z = —y? and so the origin
is a local maximum along this direction. But if we move away from 0 in the x direction,
we see that the origin is a local minimum along that direction. So f(x,y) — f(0,0) is both
positive and negative in By(r), and this is true for any r > 0. Hence the claim. Note that if
we graph 2z = 22 — y? in R3, the picture looks quite a bit like a real saddle around the origin.
This is the genesis of the mathematical terminology of a saddle point.

(4) The above example can be jazzed up to higher dimensions as follows: Fix positive
integers n, k with k < n, and define f : R" — R by

f(r1, @9, xy) = T+ . 3} — T — .. — T
Since Vf = 2(xy,..., 25, —Tg11,- .-, Ty), the origin is the only stationary point. Again, it
is a saddle point by a similar argument.

3.4 The Hessian test for relative max/min

Given a stationary point a of a nice two-variable function (scalar field) f, say with continuous
second partial derivatives at a, there is a test one can apply to determine whether it is a
relative maximum or a relative minimum or neither. This generalizes in a non-obvious way
the second derivative test in the one-variable situation. Omne crucial difference is that in
that (one-variable) case, one does not require the continuity of the second derivative at a.
This added hypothesis is needed in our (2-variable) case because the second mixed partial
derivatives, namely 9% f/0xdy and 9° f /Oydx need not be equal at a.
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First we need to define the Hessian. Suppose we are given a function f : D — R with
D C R", and an interior point a of D where the second partial derivatives 9% f/dz;0x; exist

for all 7,7 < n. We put
Hf(a) = el (a)
N 8@895] ’

which is clearly an n X n-matrix. It is a symmetric matrix iff all the mixed partial
derivatives are independent of the order in which the partial differentiation is performed.
The reason symmetry is of interest is that we know by a basic result in Linear Algebra
(Ma 1b material) that any (real) symmetric matrix can be diagonalized with all eigenvalues
being real. The Hessian determinant of f at a is by definition the determinant of H f(a),
denoted det(H f(a)).

We will make use of this notion in the plane.

Theorem Let D C R?, f: D — R a scalar field, and a € D°. Assume that all the second
partial derivatives of [ exist and are continuous at a. Suppose a is a stationary point. Then

(i) If 9*f/0x*(a) < 0 and det(H f(a)) > 0, then a is a relative mazimum for f;
(ii) If 92 f/0x*(a) > 0 and det(H f(a)) > 0, then a is a relative mazimum for f;
(i1i) If det(H f(a)) <0, a is a saddle point for f.

The test does not say anything if H f(a) is singular, i.e., if it has zero determinant.

Since the second partial derivatives of f exist and are continuous at a, we know from the
previous chapter that
o0 f 02 f
(a) = (a).
0xdy 0yox
This means the matrix H f(a) is symmetric (and real). So by a theorem in Linear Algebra

(Malb), we know that we can diagonalize it. In other words, we can find an invertible matrix
M such that

_ A0
M'Hf(a)M = (01 A2),

where A\j, g are the eigenvalues. (We can even choose M to be an orthogonal matrix, i.e.,
with M~! being the transpose matrix M*.) Then we have

(D) det(H f(a)) = M,
and
(T) tr(H f(a)) = 0°f/0x*(a) + 0% f/0y*(a) = A1 + Ao,
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where tr denotes the trace. (Recall that the determinant and the trace do not change when
a matrix is conjugated by another matrix, such as M)

Now suppose H f(a) has positive determinant, so that
02 f /0x(a)0? f [Oy*(a) > (82 [/0xDy(a))” > 0.

In this case, by (D), A\; and Ay have the same sign. Using (T), we then see that 9%f/0z%(a)
and 9% f/0y*(a) must have the same sign as \;, j = 1,2. When this sign is positive (resp.
negative), a is a relative minimum (resp. relative maximum) for f.

When the Hessian determinant is negative at a, A; and Ay have opposite sign, which
means that f increases in some direction and decreases in another. In other words, a is a
saddle point for f.

3.5 Constrained extrema and Lagrange multipliers.

Very often in practice one needs to find the extrema of a scalar field subject to some con-
straints imposed by the geometry of the situation. More precisely, one starts with a scalar
field f : D — R, with D C R"”, and a subset S of the interior of D, and asks what the

maxima and minima of f are when restricted to S.

For example, we could consider the saddle function f(z,y) = 2? —y? with D = R?, which
has no relative extrema, and ask for the constrained extrema relative to

S = unit circle :  2?+9* =1

This can be solved explicitly. A good way to do it is to look at the level curves L.(f). For
¢ = 0, we get the union of the lines y = x and y = —x. For ¢ # 0, we get hyperbolas with
foci (£4/¢,0) if ¢ > 0 and (0, +y/—c¢) if ¢ < 0. It is clear by inspection that the constrained
extrema of f on S are at the four points (1,0),(—1,0),(0,1),(0,—1); the former two are
constrained maxima (with value 1) and the latter two are constrained minima (with value
—1). If you like a more analytical proof, see below.

The question of finding constrained extrema is very difficult to solve in general. But
luckily, if f is differentiable and if S is given as the intersection of a finite number of level
sets of differentiable functions (with independent gradients), there is a beautiful method
due to Lagrange to find the extrema, which is efficient at least in low dimensions. Here is
Lagrange’s result.



Theorem 1  Let f be a differentiable scalar field on R™. Suppose we are given scalars
C1,Co, ..., C. and differentiable functions g1, g, ..., g, on R, so that the constraint set S is
the intersection of the level sets L, (g1), Ley(92), -+ 5 Le.(9r). Let a be a point on S where
Vagi(a),Vga(a), - ,Vg.(a) are linearly independent. Then we have the following:

If a is a constrained extremum of f on S, then there are scalars A1, Ag, -+ , A\, (called the
“Lagrange Multipliers”) such that

Vf(a) =MVg(a)+---+N\Vg(a).

Proof. We use the fact, mentioned for » = 1 in the previous section, that one can always
find a differentiable curve o : R — S with «(0) = a and &/(0) any given tangent vector
in ©,(5) (note that S is a generalized level set and the linear independence of the Vg;(a)
assures that ©,(S5) is defined). This is not so easy to prove and we may do this later in the
course if there is time left.

So if a is a constrained extremum of f on S we take such a curve a and notice that a is
also an extremum of f on the image of a. So the one-variable function h(t) := f(«(t)) has
vanishing derivative at ¢ = 0 which by the chain rule implies

Vf(a)-a'(0) =0.

Since o/(0) was any given tangent vector we find that V f(a) is orthogonal to the whole
tangent space (i.e. it is a normal vector). The normal space N, say, has dimension r since it
is a solution space of a system of linear equations of rank n —r (picking a basis 04, ..., 0,,_, of
O©u(Lc(f)) the system of equations is #; - x = 0). On the other hand Vg;(a) all lie in N and
they are linearly independent by assumption, so they form a basis of N. Since we've found
that V f(a) lies in N, V f(a) must be a linear combination of these basis vectors. Done.

QED.

Now let us use (a superspecial case of) this Theorem to check the answer we gave above
for the problem of finding constrained extrema of f(z,y) = x? — y? relative to the unit circle
S centered at (0,0). Here r = 1.

Note first that S is the level set Lo(g), where g(x,y) = 22 + y* — 1. We need to solve
Vf = AVg. Since Vf = (2z,—2y) and Vg = (2z,2y), we are left to solve the simultaneous
equations x = Ax and —y = Ay. For this to happen, x and y cannot both be non-zero,
as otherwise we will get A = 1 from the first equation and A\ = —1 from the second! They
cannot both be zero either, as (z,y) is constrained to lie on S and so must satisfy z%+y* = 1.
So, either x = 0, y = +1, when A\ = —1, or x = 1, y = 0, in which case A = 1. So the
four candidates for constrained extrema are (0,£1),(4+1,0). One can now check that they
are indeed constrained extrema. We get the same answer as before.
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We come back to the example of the set S defined as the intersection of the two level sets
22+ + 22 =10 and x +y + 2z = 4. Suppose we want to find points on S with maximal or
minimal distance from the origin. We need to look at f(z,y, z) = 2® + 3? + 22 and solve the
system of five equations in five variables

3+ 9P+ 22 =10
r+y+z=4
Vi(z,y,2) = (27,2y,22) =M\ (327, 3y%, 32%) + M\o(1,1,1).

These are nonlinear equations for which there is no simple method like the Gauss Jordan
algorithm for linear equations. It’s a good idea in every such problem to look at symmetries.
Our set S is invariant under any permutation of the coordinates z,v, z, so it has a sixfold
symmetry. Each of x,y, z satisfies the quadratic equation 2t = 3\;#> + Ay or

- 4+ =0. (%)

Let’s check that \; = 0 cannot happen. Because if \; = 0 we'd have z =y = z = \y/2 and
T4y~ 2 =3\/2 =4 hence \y = 8/3. But 2 + y* + 23 = 3(4/3)® # 10. Contradiction!
We've also shown here that x = y = z cannot happen. In particular our quadratic equation
(*) has two distinct roots, and as you well know it has exactly two roots! So two of z,y, z
must coincide: * =y # 2z, or x = 2z # y or x # y = z. Let’s look at the second case. Then
2z +y = 4 and y = 4 — 2z which leads to 223 + (4 — 2x)® = 10. This is a cubic equation
which, luckily, has an obvious solution, namely = 1 (if you were not so lucky there’d still
be some solution in R). Now x = 1 leads to (1,2,1) = A1(3,12,3) + A2(1,1,1) which we
know how to solve (if there is a solution). We find A; = 1/9 and Ay = 2/3 is a solution. The
value of f at (1,2,1)is 12+ 22+ 12 = 6.

Now the cubic 2z% + (4 — 2z)* — 10 = 0 written in standard form is z* — 82% + 16z — 9
and it factors as (z —1)(2? — 7z +9). The two roots of the quadratic part are %ﬁ and we
check that for each of them we find corresponding A\;, Ay simply by identifying 2% — 72 + 9
with (). Suppose now we look only at the part of S where all of x,y, z are positive. Then
there is only the possibility zq := 7_;/5, Yo =4 —2r = —3++/13, 29 = %ﬁ And we have
f(z0,0, 20) = 53 — 133/13 ~ 6.12. This is bigger than 6, so (zq, %o, 20) is a maximum and
(1,2,1) is a minimum (our function really doesn’t vary all that much). Note that we know
a priori that a maximum and a minimum must exist because the points in S with positive
coordinates form a closed and bounded, hence compact set.

Taking into account the possibilities where the other two coordinates coincide, we've
found three maxima and three minima of f.

Remark. Suppose f : D — R is a differentiable scalar field, with D C R, and S a subset of
D. Suppose a is a constrained extremum on S. Then a must be one of the following:
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(1) ais a relative extremum on S

(2) ais a boundary point on S.

Gradients and parallelism:

We know how the gradients of a differentiable scalar field f give (non-zero) normal vectors
to the level sets L.(f) at points a where V f(a) # 0. This is used in the following instances:

(1) To find points of tangency between the level sets L.(f) and L. (g). In this case, if a is
a point of tangency, V f(a) and Vg(a) must be proportional.

(2) To find the extrema with constraints using Lagrange multipliers.

(3) To determine if two lines in R? meet. (Solution: Two lines L; and L, in R? meet if
and only if their gradients are not proportional.) Similarly, one may want to know if
two planes in R? meet, etc.

One can use the following approach to solve problem (3), which generalizes well to higher
dimensions.

Let
Li=level set of f(x,y) = a1z + asy at —ag
Lo=level set of g(x,y) = byx + by at —by
Check if Vf is proportional to Vg. (Vf = (a1,a2) and Vg = (by,bs).)

a; QA

L; and Ly meet if and only if (a1, as) # A(by,b2). In other words, det (b b
1 b2

> should

not be zero.

There are 3 possibilities for L N Ly:
(1) Ly N Ly = (). They are parallel but not equal, Vf = AVg but L; # Ly
(2) L1NLy= Ly = Ly: Ly and Ly are the same.

(3) Ly N Ly is a point: This happens IFF V[ is not proportional to Vg IFF
a1 Q9
det (b1 b2> # 0.
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CHAPTER 4 - MULTIPLE INTEGRALS

The objects of this chapter are five-fold. They are:

(1) Discuss when scalar-valued functions f can be integrated over closed rectangular
boxes R in R"; simply put, f is integrable over R iff there is a unique real number,
to be denoted Igr(f) or [ rJ when it exists, which is caught between the upper
and lower sums relative to any partition P of R.

(2) Show that any continuous function f can be integrated over R.

(3) Discuss Fubini’s theorem, which when applicable, allows one to do multiple inte-
grals as iterated integrals, i.e, integrate one variable at a time.

(4) Show that bounded functions with negligible sets of discontinuities can be inte-
grated over R.

(5) Discuss integrals of continuous functions over general compact sets.

§4.1 Basic notions

We will first discuss the question of integrability of bounded functions on closed rect-
angular boxes, and then move on to integration over slightly more general regions.

Recall that in one variable calculus, the integral of a function over an interval [a, ]
was defined as the limit, when it exists, of certain sums over finite partitions P of [a, ]
as P becomes finer and finer. To try to transport this idea to higher dimensions, we need
to generalize the notions of partition and refinement.

In this chapter, R will always denote a closed rectangular box in R", written as
[a,b] = [a1,b1] X -+ X [an, by], where a;,b;, € R for all j with a; < b;.

Definition. A partition of R is a finite collection P of subrectangular (closed) boxes
S1,99,...,5. C R such that

(i) R=U’_;S;, and
(ii) the interiors of S; and S; have no intersection for all 7 # j.

Definition. A refinement of a partition P = {S;}7_; of R is another partition P’ =
{55}, with each S}, contained in some S;.

It is clear from the definition that given any two partitions P, P’ of R, we can find a
third partition P” which is simultaneously a refinement of P and of P’.

Now let f be a bounded function on R, and let P = {S;}}_; a partition of R. Then
f is certainly bounded on each S;, i.e., f(.S;) is a bounded subset of R. It was proved in
Chapter 2 that every bounded subset of R admits a sup (lowest upper bound) and an
inf (greatest lower bound).

Typeset by ApS-TEX



2 CHAPTER 4 - MULTIPLE INTEGRALS

Definition. The upper (resp. lower) sum of f over R relative to the partition P =
{S;};=; is given by

Zvol )sup(£(S;))

(resp L(f,P) = Zvol Yinf(f S)).)

Here vol(S;) denotes the volume of S;. Of course, we have

L(f,P)<U(f,P)

for all P.
More importantly, it is clear from the definition that if P’ = {S}.}}*, is a refinement
of P, then

L(f,P) < L(f,P) and U(f,P')<U(f.P).

Put
L(f) =A{L(f,P) | P partition of R} CR

and
U(f) ={U(f, P) | P partition of R} C R.

Lemma. L(f) admits a sup, denoted 1(f), and U(f) admits an inf, denoted I(f).

Proof. Thanks to the discussion in Chapter 2, all we have to do is show that L(f)
(resp. U(f)) is bounded from above (resp. below). So we will be done if we show
that given any two partitions P, P’ of R, we have L(f, P) < U(f,P’) as then L(f)
will have U(f, P’) as an upper bound and U(f) will have L(f, P) as a lower bound.
Choose a third partition P” which refines P and P’ simultaneously. Then we have
L(f,P) < L(f, P") < U(f, P") < U(f, P'). Done. O

Definition. A bounded function f on R is integrable iff I(f) = I(f). When such an
equality holds, we will simply write I(f) (or Ir(f) if the dependence on R needs to be
stressed) for I(f) (= I(f)), and call it the integral of f over R. Sometimes we will

write
/ f or / / flxy, ... xpn)dxy ... dxy,.

Clearly, when n = 1, we get the integral we are familiar with, often written as f;ll f(x1) dzy.

This definition is hard to understand, and a useful criterion is given by the following
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Lemma. f is integrable over R iff for every e > 0 we can find a partition P of R such
that

Proof. 1f f is integrable, Ir(f) is arbitrarily close to the sets of upper and lower sums,
and we can certainly find, given any € > 0, some P such that Ir(f) — L(f, P) < /2 and
U(f,P)— Ir(f) <e/2. Done in this direction. In the converse direction, since

L(f,P) <I(f) <I(f) <U(f,P)
for any P, if U(f, P) — L(f, P) < €, we must have
I(f) - I(f) <=

Since ¢ is an arbitrary positive number, I(f) must equal I(f), i.e., f is integrable over
R.

64.2 Step functions

The obvious question now is to ask if there are integrable functions. One such example

is given by the constant function f(x) = ¢, for all x € R. Then for any partition
P = {S;}, we have

L(f,P)=U(f,P) = CZVOI(Sj) = c vol(R).

So I(f) =1I(f) and [, f = c vol(R).

This can be jazzed up as follows.

Definition. A step function on R is a function f on R which is constant on each of
the subrectangular boxes S; of some partition P.

Lemma. FEvery step function f on R is integrable.

Proof. By definition, there exists a partition P = {S;}7_; of R and scalars {c;} such
that f(z) = ¢j, if x € S;. Then, arguing as above, it is clear that for any refinement P’
of P, we have

L(f,P') = U(f, P') =3¢ vol($)).

Hence, I(f) =1(f). O

84.3 Integrability of continuous functions

The most important bounded functions on R are continuous functions. (Recall from
Chapter 1 that every continuous function on a compact set is bounded, and that R is
compact.) The first result of this chapter is given by the following
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Theorem. Fvery continuous function f on a closed rectangular box R is integrable.

Proof. Let S be any closed rectangular box contained in R. Define the span of f on S
to be

spany(S) = sup(f(S)) — inf(f(9)).
A basic result about the span of continuous functions is given by the following:

The Small Span Theorem. For every e > 0, there exists a partition P = {S;}7_; of
R such that span;(S;) < e, for each j <.

Let us first see how this implies the integrability of f over R. Recall that, by a Lemma
of section 4.1, it suffices to show that, given any € > 0, there is a partition P of R such
that U(f, P) — L(f,P) < . Now by the small span theorem, we can find a partition
P = {S;} such that span;(S;) < &', for all j, where &’ = ¢/ vol(R). Then clearly,

U(f,P)— L(f,P) <& vol(R) =e.
Done. [

It now remains to supply a proof of the small span theorem. We will prove this
by contradiction. Suppose the theorem is false. Then there exists €5 > 0 such that, for
every partition P = {S;} of R, span(S;) > &g for some j. For simplicity of exposition,
we will only treat the case of a rectangle R = [a1,b;1] X [az,bs] in R?. The general case
is very similar, and can be easily carried out along the same lines with a bit of book-
keeping. Divide R into four rectangles by subdividing along the bisectors of [a1, b1] and
[az,bs]. Then for one of these four rectangles, call it Ry, we must have that for every
partition {S,} of Ry there is a j so that span;(Sj) > €o. Do this again and again, and we
finally end up with an infinite sequence of nested closed rectangles R = Ry, Ry, Ro, . . .,
such that, for every m > 0, the span of f is at least ¢g for any partition of P,, = {5}
of R,, on some S;,,. Let z, = (zm,ym) denote the southwestern corner of R,,, for
each m > 0. Then the sequence {z,}m>0 is bounded, and so we may find the least
upper bound (sup) « (resp. ) of x,, (resp. ym). Put v = [o,8]. Then v € R as the
northeastern corner of R is clearly an upper bound of the z,,. Since f is continuous at
v, we can find a non-empty closed rectangular subbox S of R containing ~ such that
span;(S) < eo. But by construction R,, will have to lie inside S if m is large enough,
say for m > mg. This gives a contradiction to the span of f being > ¢y on some open
set of every partition of R,,,. Thus the small span theorem holds for (f, R).

§4.4 Bounded functions with negligible discontinuities

One is very often interested in being able to integrate bounded functions over R which
are continuous except on a very “small” subset. To be precise, we say that a subset Y of
R"™ has content zero if, for every € > 0, we can find closed rectangular boxes Q1, ..., Qm
such that

(1) Y - Uﬁl@ia and
(i) Yo, vol(Q;) < e.
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Examples. (1) A finite set of points in R™ has content zero. (Proof is obvious!)

(2) Any subset Y of R which contains a non-empty open interval (a,b) does not have
content zero.

Proof. 1t suffices to prove that (a,b) has non-zero content for a < b in R. Suppose
(a,b) is covered by a finite union of closed intervals I;, 1 < i < m in R. Then clearly,
S:=>"" length(I;) > length(a,b) = b — a. So we can never make S less than b — a.

(3) The line segment L = {z,0) | a1 < = < b1} in R? has content zero. (Comparing
with (2), we see that the notion of content is very much dependent on what the ambient
space is, and not just on the set.)

Proof. For any € > 0, cover L by the single closed rectangle

R= {(fc,y)

o <z<b, ——  <y<_—_°
1= ="b 4(bl—a1)_y_4(b1—a1) '

Then vol(R) = (b1 — al)m = 5 < ¢, and we are done.

The third example leads one to ask if any bounded curve in the plane has content
zero. The best result we can prove here is the following

Proposition. Let ¢ : [a,b] — R be a continuous function. Then the graph I' of ¢ has
content zero.

Proof. Note that I' = {(z,y) € R? |a <z < b,y = ¢(z)}. Let € > 0. By the small
span theorem, we can find a partition a = tg < t; < --- < t, = b of [a,b] such that
span,, ([ti—1,t]) < ﬁ, for every i« = 1,...,r. Thus the piece of I lying between

€(ti—ti_1)

xr =1t;,_1 and x = t; can be enclosed in a closed rectangle S; of area less than —a)

Now consider the collection {S;}1<i<, which covers I'. Then we have

r

Zarea(Sj) < (b f a) Z(tl — ti—l) =ec. O

=1

Theorem. Let f be a bounded function on R which is continuous except on a subset'Y
of content zero. Then f is integrable on R.

Proof. Let M > 0 be such that |f(z)| < M, for all x € R. Since Y has content zero, we
can find closed subrectangular boxes S1,...,5S,, of R such that

(i) Y Cu™,S;, and

(i) o7, vol(Si) < 757
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Extend {S1,...,Sn} to a partition P = {S1,...,S.}, m <r, of R. Applying the small
span theorem, we may suppose that S, 11 ...,S, are so chosen that (for each i > m+1)
span;(S;) < #1(1%)' (We can apply this theorem because f is continuous outside the

union of S1,...,S5,.) So we have

U(f,P)— L(f,P) <2M > vol(S;)+ Y _ spans(S;)vol(S;)
=1 i=m-+1

< (2M><2]€\4> + 2V0€1(R) Z vol(S;).

1=m-+1

But the right hand side is < § 4 § = ¢, because Y_;_ ., vol(S;) < vol(R). O

Example. Let R = [0,1] x [0, 1] be the unit square in R?, and f : R — R the function
defined by f(x,y) =x+yif z <y and x — y if z > y. Show that f is integrable on R.

Let D = {(x,z) | 0 < x < 1} be the “diagonal” in R. Then D has content zero as it is
the graph of the continuous function ¢(z) = x, 0 < x < 1. Moreover, f is discontinuous
only on D. So f is continuous on R — D with D of content zero, and consequently f is
integrable on R.

Remark. We can use this theorem to define the integral of a continuous function f on
any closed bounded set B in R" if the boundary of B has content zero. Indeed,
in such a case, we may enclose B in a closed rectangular box R and define a function f
on R by making it equal f on B and 0 on R — B. Then f will be continuous on all of R
except for the boundary of B, which has content zero. So f is integrable on R. Since f
is 0 outside B, it is reasonable to set
o=
B R

It is often useful to consider a finer notion than content, called measure. Before giving
this definition recall that a set X is countable iff there is a bijection (or as some would
say, one-to-one correspondence, between X and a subset of the set N of natural numbers.
Check that Z and QQ are countable, while R is not.

A subset Y of R™ is said to have measure zero if, for every ¢ > 0, we can find a
countable collection of closed rectangular boxes @1, @2, ..., Qm,... such that

(i) Y CU;>1Q;, and
(i) Dj5q vol(Qi) <e.
One can use open rectangular boxes instead of closed ones, and the resulting definition
will be equivalent.

Examples. (1) A countable set of points in R™ has measure zero.

(2) Any subset Y of R which contains a non-empty open interval (a,b) does not have
measure zero.
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(3) A countable union of lines in [0,1] x [0,1] C R? has measure zero.
We will state the following result without proof:

Theorem. Let R be a closed rectangular box in R™, and f a bounded function on R
which is continuous except on a subset Y of measure zero. Then f is integrable on R.

64.5 Fubini’s theorem

So far we have been meticulous in figuring out when a given bounded function f is
integrable on R. But if f is integrable, we have developed no method whatsoever to
actually find a way to integrate it except in the really easy case of a step function. We
propose to ameloriate the situation now by describing a very reasonable and computa-
tionally helpful result. We will state it in the plane, but there is a natural analog in
higher dimensions as well. In any case, many of the intricacies of multiple integration
are present already for n = 2, and it is a wise idea to understand this case completely at
first.

Theorem (Fubini). Let f be a bounded, integrable function on R = [a1,b1] X [az,bs] C
R2. For x in [a1,b1], put A(x) = f:; f(x,y)dy and assume the following

(i) A(z) ewxists for each x € [ay,b1], i.e., the function y — f(x,y) is integrable on
a2, bo] for any fized x in [a1,bi];
(ii)) A(x) is integrable on |ay,by].

Then , ,
/ /R fa.y) dody = | 11 < f(z,y) dy) dz.

In other words, once the hypotheses (i) and (ii) are satisfied, we can compute [, f by
performing two 1-dimensional integrals in order. One cannot always reverse the order of
integration, however, and if one wants to integrate over x first, one needs to assume the
obvious analog of the conditions (i), (ii).

Proof. Let Py = {B; | 1 <i </} (resp. P, ={C; |1 <j <m}) be a partition of [ay, b;]
(resp. [ag,bs]), with B;,C; closed intervals in R. Then P = P} x P, = {B; x C}} is a
partition of R. By hypothesis (i), we have

L(f:EaPQ) S A('CC) S U(f$7P2),

where f, is the one-dimensional function y — f(z,y). Then applying hypothesis (ii), we
get
b1
L(L(fy, P2), P1) < A(z)dz <UU(fz, P2), Pr).

ai
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But we have

L(L(fs, Ps), Zlength )inf(L(fz, P2)(B;))
= Zlength Zlength )inf(f(B; x C;)) = L(f, P).
=1

Similarly for the upper sum. Hence L(f, P) < f;ll A(z)dxr < U(f,P). Given any par-
tition Q of R, we can find a partition P of the form P; x P, which refines ). Thus
L(f,Q) < f;ll A(z)dx < U(f,Q), for every partition ) of R. Then by the uniqueness

of [, f, which exists because f is integrable, f:ll A(z) dz is forced to be [, f. O

Remark. The reason we denote ffj f(x,y)dy by A(z) is the following. The double
integral [ f(z,y) dzdy is the volume subtended by the graph I' = {(z,y, f(z,y)) €
R3} over the rectangle R. (Note that ' is a “surface” since f is a function of two
variables.) When we fix x at the same point z( in [a1, b1], the intersection of the plane
{x = x0} with T in R? is a curve, which is none other than the graph Ty, of f,, in
the (y, z)-plane shifted to x = xy. The area under I';, over the interval [as,bs] is just
f fzo (y) dy; whence the name A(xo). Note also that as xy goes from a; to by, the whole
volume is swept by the slice of area A(zg).

A natural question to ask at this point is whether the hypotheses (i), (ii) of Fubini’s
theorem are satisfied by many functions. The answer is yes, and the prime examples are
continuous functions.

Theorem. Let f be a continuous function on R = [a1,b1] X [az,bs] € R Then [, f
can be computed as an iterated integral in either order. To be precise, we have

b1 bo b2 b1
/Rf(x,y)d:cdyzfal {M f(:v,y)dy] dw:/ag Ll f(fc,y)dx] dy.

Proof. Since f is continuous on (the compact set) R, it is certainly bounded. Let M > 0
be such that |f(z,y)| < M. We have also seen that it is integrable. For each x, the
function y — f(x,y) is integrable on [as,bs] because of continuity on [ag,bs]. So we
get hypothesis (i) of Fubini. To get hypothesis (ii), it suffices to show that A(z) =

f:j f(z,y) dy is continuous in z. For h small, we have

bo b2
!A(flerh)—A(flf)\:/ (f($+hvy)—f($7y))dy’§/ |f(z+hy) — flz,y)|dy.

az az

By the small span theorem we can find a partition {S;} of R with span(S;) <¢e/(ba —
ag). If h is small enough so that (z + h,y) and (x,y) lie in the same box for all y
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(which we can achieve since z is fixed and there are only finitely many boxes) we have
|f(z+h,y)— f(x,y)| <span;(S;) < e/(ba—az) where S; is a box containing both points.
Note that this argument also works if (x,y) lies on the vertical boundary between two
boxes: for positive h we land in one box and for negative h in the other. Hence

b2
/ @+ hyy)— flay)|dy <<

2

for h sufficiently small. This shows that A(x) is continuous and hence integrable on
[a1,b1]. We have now verified both hypotheses of Fubini, and hence

J[ s = | { Fy) dy] dr.

To prove that [ r J is also computable using the iteration in reverse order, all we have to

do is note that by a symmetrical argument, the integral ffll f(x,y) dr makes sense and is
continuous in y, hence integrable on [ag, bs]. The Fubini argument then goes through. [

Remark. We will note the following extension of the theorem above without proof.
Let f be a continuous function on a closed rectangular box R = [a1,b1] X -+ X [ap, by].
Then the integral of f over R is computable as an iterated integral

/ab [ [/::_ [/ab f(fﬂlv~~-aﬂfn)dxn} dxnl] } dzy.

Moreover, we can compute this in any order we want, e.g., integrate over x, first, then
over x5, then over x1, etc. Note that there are n! possible ways here of permuting the
order of integration.

§4.6 Integration over special regions

Let Z be a compact set in R". Since it is bounded, we may enclose it in a closed
rectangular box R. If f is a bounded function on Z, we may define an extension f to R
by setting f(z) to be f(z) (resp. 0) for x in Z (resp. in R — Z).

Let us say that f is integrable over Z if f is integrable over R, and put

Lo

It is clear that this definition is independent of the choice of R. In §4.4, where we
introduced the notion of content, we remarked that if the boundary of Z had content
zero and if f is continuous, then f would be integrable on R. The same idea easily proves
the following
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Theorem. Let Z be a compact subset of R™ such that the boundary of Z has content
zero. Then any function f on Z which is continuous on Z is integrable over Z.

In fact, one can replace content by measure in this Theorem.
Now we will analyze the simplest cases of this phenomenon in R2.

Definition. A region of type I in R? is a set of the form {a < z < b, p1(x) <y <
wa2(x)}, where @1, @y are continuous functions on [a, b].

A region of type II in R? is a set of the form {c¢ <y < d, ¥1(y) < 2 < a(y)},
where 1)1, 19 are continuous functions on [, d].

A region of type III in R? is a subset which is simultaneously of type I and type II.

Remark. Note that a circular region is of type III.

Theorem. Let f be a continuous function on a subset S of R2.

(a) Suppose S is a region of type I defined by a < x < b, p1(x) <y < pa(x), with
Y1, p2 continuous. Then f is integrable on S and

= L[ )

(b) Suppose S is a region of type II defined by ¢ < y < d, P1(y) < x < a(y), with
U1,y continuous. Then f is integrable on S and

/S f = / d( /w f:)ﬂx,y) dx) dy.

Proof. We will prove (a) and leave the symmetrical case (b) to the reader.

(a) Let R = [a,b] x [¢,d], where ¢,d are chosen so that R contains S. Define f on
R as above (by extension of f by zero outside S). By the Proposition of §4.4, we know
that the graphs of ¢; and (o are of content zero, since @1, s are continuous. Thus
the main theorem of §4.4 implies that f is integrable on R as its set of discontinuities is
contained in the boundary dS of S. It remains to prove that [¢ f (= [, f) is given by the

iterated integral f;( :f(%) f(z,y)dy)dz. For each z € (a,b), the integral fcd f(z,y)dy
exists as the set of discontinuities in [c, d] has at most two points. Moreover, the function

x — fcd f(x,y), dy is integrable on [a,b]. Hence (the proof of) Fubini’s theorem applies

in this context and gives
b d
/f=/ (/ f(w,y)dy) dx.
R a c

Since the inside integral (over y) is none other than fjf((;)) f(x,y) dy, the assertion of the

theorem follows. O
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§4.7 Examples

(1) Compute [, f, where R is the closed rectangle [~1,1] x [2,3] and f the function
(z,y) — 2%y — z cosy. Since f is continuous on R, we may apply Fubini’s theorem and
compute | r 1 as the iterated integral

1 3
I= / (/ (xy — x cos Ty) dy) dx.
—1\J2

Recall that in f23(sc2y — xcosTy) dy, x is treated like a constant, hence equals

3 3 2 2 . 3
3 2 5
.:::2/ ydy—x/ coswydy:x2 B SIn Y = 22
2 2 2 2 T 5 2

5 (1 5/4\1 5
I=— 2de = - = =—.
= 2/_19” v 2(3)}_1 3

We could also have computed it in the opposite order to get

I= /23 {/_ll(ny—xCOSWy)dw} dy
[ O], eml(3)] )

3 273

2
:/ <_y)dy:y_] _5
5 \ 3 3], 3

(2) Find the volume of the tetrahedron T in R?® bounded by the planes = = 0, y = 0,
z=0and x —y—z=—1.

Note first that the base of T is a triangle A defined by —1 <2 < 0,0 <y <z + 1.
Given any (x,y) in A, the height of T above it is simply given by z =z — y + 1. Hence
we get by the Theorem of §4.6,

vol(T)://A(:c—y—i—l)d:cdy:/_01(/0x+1(x—y+1)dy)dx
0 T+

1

()]

0 2 1 2
:/ de:/ Y=L
-1 s 0 2 6

(3) Fix a,b > 0, and consider the region S inside the ellipse defined by g—z + Z—; =1lin

R?. Compute I = [, Va2 — 22 dzdy.
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Note that S is a region of type I as we may write it as

/ 2 / 2
{—agwga,—b 1—m—2§y§b 1—m—2}.
a a

Since the function (x,y) — va? — 22 is continuous, we can apply the main theorem of
§4.6. We obtain

I= _m(/ \;ﬁ_ )dx

2b [ 2b \1°
= — (a*? —2%)dor = = <a x—%)}

a J_, a

4a°b B 8a?b

= 4a%b —
3

64.8 Applications

Let S be a thin plate in R? with matter distributed with density f(x,y) (= mass/unit
area). The mass of S is given by

:t/mstw,y)dxdy-

The average density is
m(S) _ [Js [z, y) dzdy

area [[g dxdy

The center of mass of S is given by z = (Z,y), where

//xf x,y) drdy
%//Syf(%y)dwdy.

When the density is constant, the center of mass is called the centroid of S.

Suppose L is a fixed line. For any point (z,y) on S, let 6 = §(z,y) denote the
(perpendicular) distance from (z,y) to L. The moment of inertia about L is given
by

Kl
||

and

Nl
Il

u:/gﬁwwﬂxwww

When L is the z-axis (resp. y-axis), it is customary to write I, (resp. I,).

Note that the center of mass is a linear invariant, while the moment of inertia is
quadratic.

An interesting use of the centroid occurs in the computation of volumes of revolutions.
To be precise we have the following
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Theorem (Pappus). Let S be a region of type I, i.e., given as {a < x < b, ¢1(x) <
y < @a(x)}, with v1,p2 continuous. Suppose that min, @1 (x) > 0, so that S lies above
the x-axis. Denote by V' the volume of the solid M obtained by revolving S about the
x-azxis, and by z = (Z,y) the centroid of S. Then

V =2nga(S),
where a(S) is the area of S.

Proof. Let V; denote the volume of the solid obtained by revolving {(z, p1(z) | a < x < b}
about the z-axis. Then

b
V= 7r/ wi(x)? d.

(This is a result from one-variable calculus.) But clearly, V' = V5 — V;. So we have

b
Ven / (pa(2)? — o1 (2)?] d.

On the other hand, we have by the definition of the centroid,

7= oy J e

Since y is continuous and S a region of type I, we have

7= s /b(/<(>) v )
= o [ Yo - e

The theorem now follows immediately. [J

Examples. (1) Let S be the semi-circular region {—1 < z < 1,0 < y < V1 —22}.
Compute the centroid of S.
Since S is of type I, we have

1 Vi—z?
a(S):// dxdy:/ dx/ dy
S —1 0
1 1
:/ \/1—x2dx:2/ V1—ax2dy.
—1 0

Put z =sint, 0 <t < 7. Then dz = costdt and V1 — 22 = cost. So we get

2 2 /1
a(S) =2/ COS2tdt=2/ (+—COSt) dt
0 0 2

T sin 2t 2
2| — + =
ERaa

B
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Of course, we could have directly reasoned by geometry that the area of a semi-circular

region of radius 1 is 7.

Let z = (z,y) be the centroid.

P gy [ n= %/U

2 [t 2 (%
:—/ x\/l—dem:—/ sint cos? t dt = 0,
™ J_1 _

™

2

dy) xdx

s
2

since the integrand is an odd function.
Again, the fact that * = 0 can be directly seen by geometry. The key thing is to
compute y. We have

So the centroid of S is (0, 5=).

(2) Find the volume V of the torus 7 obtained by revolving about the z-axis a circular
region S of radius r (lying above the z-axis).

The area a(S) is 772, and the centroid (Z, ) is located at the center of S (easy check!).
Let b be the distance from the center of S to the x-axis. Then by Pappus’ theorem,

V = 2nga(S) = 2nb(mr?) = 2n%r2b.



Chapter 5

Line Integrals

A basic problem in higher dimensions is the following. Suppose we are given a function
(scalar field) g on R™ and a bounded curve C' in R™, can one define a suitable integral of
g over ("7 We can try the following at first. Since C is bounded, we can enclose it in a
closed rectangular box R and then define a function § on R to be g on C and 0 outside.
Clearly, | RJ = /. ¢ 9, but for n > 1, this integral will usually give only zero because C' will in
general have measure zero. (We say in general, because there are space-filling curves.) So we
have to do something different. Before giving the “right” definition, let us review the basic
properties of a curve C' in R”, parametrized by an interval in R.

Recall that a (parametrized) curve C' in R™ is the image of a continuous map « : [a, b] —
R", for some a < b in R. Such a curve is said to be C' if and only if /() exists and
is continuous everywhere on the interval. We like this condition because it implies that
the curve C has a well defined unit tangent vector T' at every point where o/(t) # 0, and
moreover, that this 7" moves continuously as we move along the curve. (If o/(t) # 0, we take
T to be o/(t)/||c/(t)||.) In practice, we will be able to allow a finite number of points where
the curve develops corners. This leads to the definition of a piecewise C* curve C to be a
curve which is a finite union of C* curves C;, Cs, ..., C,.

The arc length of a C' curve C parametrized by « : [a,b] — R™ is defined at any point
t € [a,b] to be

t
)= [l dr
s(b) is called the arc length of the whole curve.
We will now describe the heuristic reason for this definition.

Let @ be a partition of [a,b], i.e., the datum a = tg < t; < --- < t,,, = b. Let L; denote

1



the line joining a(t;_1) to a(t;) in R™, Vi > 1. Put

by = Z length(L;)
i=1

which equals Y 7" ||a(t;) — a(ti—1)]|-

Clearly, as m is very large, ¢, provides a good approximation for s(b), and a proper
definition must surely express s(b) as the limit of ¢,, as m tends to infinity.

For each i, we may apply the mean value theorem to «(t) restricted to [t;_1,;] and find
a point z; in that subinterval such that

O[(tz) — Oj(ti_l) = (tz — ti_1>O.//(ZZ‘).
This yields the equality

Zt —ti)||la’(2)]]-

Since by assumption o/ is continuous, we may let m go to infinity and get

b
lim em:/ o (1) dt.

Examples: (1) C = circle in R? with radius r and center 0. It is parametrized by «(t) =
(rcost,rsint), 0 <t < 27. Since sint and cost are continuously differentiable, C' is C'.
Moreover, o (t) = (—rsint,rcost), and so ||/ (t)|| = ry/(—sint)? + (cost)? = r. Hence the
arc length of C'is fo% rdt = 2mr, as expected. (It is always good to do such a simple example
at first, because it tells us that the theory is seemingly on the right track.)

(2) (Helix) Let C' in R? be parametrized by a(t) = (cost,sint, t), 0 < ¢t < 4. Again, « is
(certainly) C!, and o/(t) = (—sint,cost,1). So ||&/(t)|| = \/(=sint)? + (cost)2+ 1 = /2,
and the arc length of C is f047r V2dt = 47/2.

(3) Let C be defined by a(t) = (2t,t% logt) € R? for ¢ € [1,2000]. Suppose we need to find
the arc length ¢ between the points (2,1,0) and (4,4,log2). Note first that (2,1,0) = «(1)
and (4,4,log2) = «(2). So we have:

(= / o (b)) dt.



Also, o/ (t) = (2,2t, 1), so [[&/(t)]| = 1/4 + 42 + 5 = (2t + 7). (Note that since t > 0, we do
not need to take the absolute value while taking the square root.) Hence

2 2

2 21
62/ 2tdt—|—/ ;dt:tz} —|—10gt} =3 + log 2.
1 1 1

1

(4) This example deals with a piecewise C! curve. Note that the definition of arc length goes
over in the obvious way for such curves.

Take C' to be the unit (upper) semicircle C centered at 0, together with the flat diameter
Cy, then we can parametrize C in the usual way by setting «;(t) = (cost,sint), for ¢ in
[0, 7]. Let us parametrize Cy by a function ay on [, 27| as follows. Write as(t) = (dt + ¢, 0)
with the requirement ay(7m) = (—1,0) and as(27) = (1,0). Then we need dr + e = —1 and
2dm + e = 1, which yields d = 2 and e = —3. So we have: ay(t) = (2t — 3,0) for ¢ € [, 27].
Clearly, a; and ay are both C!, so C' is piecewise C!.

Suppose we want to find the arc length ¢(C') of the whole curve C. It is clear from
geometry that ¢(Cy) = 7w and ¢(Cy) = 2, so ¢(C') = m + 2. We can also derive this from
Calculus. Indeed, [ (t)|| =1 and [a4y(t)]| = [|2] = 2

T 27r2
:/ 1dt+/ —dt =7+ 2.
0 s ™

Now we are ready to give a way to integrate functions (scalar fields) over curves in
n-space.

Let g : D — R be a scalar field, with C C D C R", where C is a C! curve parametrized
by « : [a,b] — R™. Then we define the line integral of g over C' with respect to arc

length to be
/gw—/ H)l/ (0] dt.

Note that by the definition of s(t), §'(t) is none other than ||o/(t)||; so ||&/(¢)|| dt may be
thought of as ds.

There is yet another type of line integral. Suppose f : D — R" is a vector field with
D C R". (Note that the source space and the target space of f have the same dimension.)
Then we may define the line integral of f over C' to be

Lfda:lv@@%d@ﬁ.



These two integrals are related as follows. Let 7" denote the unit tangent vector to C' at «/(t).

Then T' = ”Z:% (assuming o'(t) # 0). Since ||o/(t)|| = §'(t), we can identify T" with o/(s)

(=92). Put g(a(t)) = f(a(t)) - T, which defines a scalar field. Then we have

|1-da= [ sl = [ gas

The following lemma is immediate from the definition.

Lemma. (i) [, fi-da+ [, fo-do= [,(fi+ f2) - do

(ii) fCl f-day+ f02 f-day = [, f-da, where C is the union of Cy and Cy, parametrized
by a(t) defined by putting together a; and .

It is important to note that each parametrized curve C' comes with an orientation (or
direction). This was not important when we calculated the arc length, but it is quite
important to be aware of when line integrals of vector fields are involved.

Suppose C' is parametrized in two different ways, say by « : [a,b] — R™ and (3 : [¢,d] —
R"™. We say that « is equivalent to 3, and write o ~ [, if there exists a change of parameter
C! function u : [a,b] — [c,d] such that

(i) w is onto,
(ii) «' is never 0, and

(iii) B(u(t)) = a(t), for any ¢ € [a, b].

/Cf-dﬁzd/cf-dm

where 0 is the sign of «’ on [a, b]. For example, 6 = —1 when «(t) = f(—t+a+b), a <t <b.

It is not hard to see that

5.1 An application

Line integrals arise all over the place. We will content ourselves with describing the example
of a thin wire W in the shape of a C! curve C parametrized by « : [a,b] — R"™. Suppose the
mass density of W is given by a function g(z), = = (z1,...,2,). Then the total mass of

W is given by
M = / gds.
c
4



Its center of mass = = (71, %2, ...,T,) is given by

1
jj:ﬂ/cxjgds’ 1< <n.

When g is a constant field, W is said to be uniform and z is called the centroid.

Suppose L is any fixed line in R". Denote by d(z) the distance from = to L. Then the
moment of inertia about L is defined to be

I, = / 82g ds.
c

Example. Consider the wire W in the shape of C' = C U (5, with C} being parametrized
by a;(t) = (cost,sint), 0 < t < m, and Cy by as(t) = (¢,0), =1 <t < 1. Suppose W has

mass density given by g(z,y) = /2?2 4+ y?. Then g(ay(t)) = 1 and g(aa(t)) = [t|. Also,
a4 (t)|| = 1 and ||a4(t)|| = 1. Thus the total mass is given by

™ 0 1
M:/ ldt—/ tdt+/tdt=7r—|—1.
0 -1 0

The coordinates of the center of mass are given by

1 s 0 1
T = </ costdt—/ t2dt+/ t2dt>:0,
7T+1 0 1 0

y ! /7r intdt+0 2
= S1n = .

The distance from (z,y) to the z-axis (resp. y-axis) is simply |y| (resp. |z|). Hence the
moment of inertia about the z-axis is

i /] — 2t
fx:/ smmoz/ (_) g
0 0 2 2

The moment of inertia about the y-axis is

™ 0 1 T 1
]y:/ cos2tdt—/ t3dt+/ tdt ==+ =.
0 -1 0 2 2

and




5.2 Gradient fields

Given a differentiable scalar field g on an open set D in R", we may of course consider its
gradient field Vg. It turns out, as shown below, that under mild hypotheses on Vg and
D, the line integrals fc Vg - da can be evaluated simply. This result is sometimes called
the second fundamental theorem of Calculus for line integrals. Before stating and
proving the result, we need to introduce an important concept called connectivity.

An open set S in R™ is (path) connected if and only if we can join any pair of points in
S by a piecewise C' path lying completely in S. For example, open balls (or boxes) and the
interior of an annulus are (path) connected.

Theorem. Let g be a differentiable scalar field with continuous gradient Vg on an open,
(path) connected set D in R™. Then, for any two points P,Q joined by a piecewise C' path
C' completely lying in D and parametrized by « : [a,b] — R™ with a(a) = P and a(b) = Q,
we have

/CVg ~da = g(Q) — g(P).

Remark. The stunning thing about this result is that the integral depends only on the end
points P and (), and not on the path C' connecting them. This is pretty revolutionary, if
you think about it!

Corollary. Let g, D be as in the Theorem. Then, for any point P in D, and any piecewise
C! path C connecting P to itself, i.e., with a(a) = P = a(b), we have

/Vg~da:O.
c

Such a path C' whose beginning and end points are the same is called a closed path, and
the line integral of a vector field f over a closed path C' is usually denoted fc f-da.

Proof of Theorem. We will prove it for C' a C! curve, and leave the piecewise C! extension,
which is routine, to the reader. By definition,

/CVg ~da = /b Vg(a(t)) - o/(t)dt.

a

Put A(t) = g(a(t)), for all t € [a,b]. Then by the chain rule, which we can apply since both
a and g are differentiable, we have h'(t) = Vg(a(t)) - /(t). So

b
/Vg-da:/ W) dt.
C a

6



Note that A/(t) is continuous on (a,b) by the continuity hypothesis on Vg. For each u €
[a,b], set G(u) = ["h/(t)dt. Then by one variable calculus, G is continuous on [a,b] and
differentiable on (a,b) with G’(u) = h'(u) there. So G — h is constant on (a,b) and hence
also on [a, b] by continuity. Consequently, since G(a) = 0, we have G(b) = g(a(b)) — g(a(a)),
as needed. O

5.3 Criterion for path independence

Let D be an open, connected set in R"™. The natural question raised by the result of the
previous section is to what extent we can characterize vector fields on f on D whose line
integrals are path independent, i.e., depend only on the end points. Here is the (extremely
satisfying) answer, sometimes called the first fundamental theorem of Calculus for line
integrals:

Theorem. Let D be a connected, open set in R™, and let f : D — R™ be a continuous vector
field. Suppose the line integral of f over any piecewise C' path C in D depends only on the
end points of C'. Then there exists a differentiable scalar field ¢ on D, called a potential

function of f, such that on D. Moreover, ¢ can be explicitly defined as follows.
Fiz any point P in D and set

o) = [ f-da.

where the integral is taken over any piecewise C* path C in D connecting P to x. Then ¢ is
well defined and represents a potential function for f.

Putting the first and second fundamental theorems for line integrals together, we easily
obtain the following useful

Corollary. Let D be an open, connected set in R"™, and let f : D — R"™ be a continuous
vector field. Then the following properties are equivalent:

(i) f = Ve, for some potential function ¢
(ii) The line integrals of f over piecewise C* curves in D are path independent.

(iii) The line integrals of f over closed, piecewise C' curves in D are zero.

Definition. A vector field f satisfying any of the (equivalent) properties of Corollary is said
to be conservative.



Proof of Theorem. Let ¢ be defined as in Theorem. That it is well defined is a consequence
of the path independence hypothesis for line integrals of f in D. Write f = (f1, f2, .-, fa),
where f; is, for each j < n, the j-th component (scalar) field of f. We have to show: (V7)

——— exists and equals f;. ()

81‘]

For each z in D, 3r > 0 such that the vector x + he; lies in D whenever |h| € (0,7). We
may write

x+-he;
o(z + he;) — p(z) = / f - do,

where the integral is taken over the line segment C' connecting x to x + he;, parametrized
by a(t) = x + the;, for ¢t € [0, 1]. Since o/ (t) = he;, we get

o(r + hG;L') — () _ /01 f(z+ thej) -ejdt,

which equals

/f]x—l—thej / fi(x +ue;)d

where g(t) = fot fi(x + ue;)du, Vt € (—r,r). Letting h go to zero, we then get the limit
g'(0). Thus (%pj(:v) exists and equals ¢’'(0). But by construction, ¢'(0) = f;(x), and so we are
done.

5.4 A necessary condition to be conservative

Not all vector fields f are conservative. It is also quite hard (except in special cases) to check
that f is conservative. Luckily, we at least have a test which can be used in many cases to
rule out some f from being conservative.

Theorem. Let f = (fi,...,[n) be a C* vector field on an open, connected set D in R™.
Suppose f is a conservative field. Then we must have (everywhere on D)

ofi _ 0f;
8@ 8@ ’

for all 7, j.



Proof. Suppose f = Vi, for a potential function ¢ on D, so that f; = 887“‘;, for all j < n.

Since f is differentiable, all the partial derivatives of each f; exist, and we get (Vi, j)

of; 5(8_90) 82

8:16,- - afli'l 893]- - 81’,61’] ’

and

Ofi 0 (0o _ D%
Or;  Ox; \O0x;) Ox;0r;

Since f is C', each partial derivative of f; is continuous for every i. Then the mixed partial

. . 2 2 . .
derivatives =22 and ~2°2_ are also continuous, and must be equal by an earlier theorem. [
8:B¢sz 61]81'2 ) q y

Examples. (1) Let f: R* — R? be the vector field given by f(z,y,2) = (y,z,0). Denote

by C' the oriented curve parametrized by a(t) = (te', cost,sint), for ¢ € [0, 7]. Compute the
line integral I = fc f - da.

By definition this line integral I is

/07T fla(t)) - (t)dt = /Oﬂ(cost, te’,0) - (1 +t)e', —sint, cost) dt

:/ [(1+t)coste’ —tsintef]dt.
0

This integral can be calculated, but with some trouble. It would have been better had we
first checked to see if f could be conservative, i.e., if there is a function ¢ such that y = %‘f,

_ 9 _ 9
T =73, andO—az.

be satisfied by taking o(x,y,z) = zy, for all (z,y,z) € R®. Thus f = Vi everywhere on
R?, and so by the second fundamental theorem for line integrals, I = ¢(a(m)) — @(a(0)) =
p(me™, —1,0) — ¢(0,1,0) = —me™.

The last equation says that ¢ is independent of z, and the first two can

(2) (Physics example) Consider the force field f(z,y, 2) = (z,y, 2) (=xi +yj + zk). Find
the work done in moving a particle along the parabola C' = {(z,y,2) € R® | y = 22,2 = 0}
from z = —1 to x = 2.

We can parametrize C' by the C! function «a(t) = (¢,¢%,0). We are interested in those ¢



lying in the interval [—1,2]. The work done is given by

W/fda—/f oL

:/ (t,£,0) - (1,2t,0)dt_/2(t+2t3)dt

1
2 477
-~ 4+ | =09
2+2}1

Alternatively, as in example (1), we could have looked for a potential function ¢ satisfying
%‘f =z, 8—‘3 =y and —59 = z. An immediate solution is given by ¢(x,y, z) = M So, by
the second fundamental theorem for line integrals,

W = ¢(a(2)) = p(a(=1)) = ¢(2,4,0) — ¢(=1,1,0)
_ 22 +4 (=1 417

=9.
2 2

(3) Let f : R® — R3 be the vector field sending (x,v,2) to (2% zy,1). Determine its line
integral over the curve C parametrized by «(t) = (1,¢,¢e'), for t € [0, 1].

First let us see if f could be conservative. Since f is differentiable with continuous partial
derivatives, we can apply the necessary criterion proved in the previous section. Then, for f

to be conservative, we would need 8f’ = g—fi, for all 4, j. Here fi(z,y,2) = 22, folz,y,2) = 2y

and f3(z,y,z) = 1. (As usual, we are writing (z,vy, 2) for (1,29, x3).) But % = 0, while

af2 = 1. So the criterion fails, and f cannot be conservative. We could have also seen this

Op _
dlrectly by trying to find a potential function ¢(z,y,2). We would have needed 72 = x?,

‘g—“; = zy and g—f = 1. The first equation gives (by integrating)' oz, y, 2 ) = ﬁ + Y(y, 2),
with ¢ independent of x. Then the second equation forces 2 a—, which is 32 to equal zy,

implying that v is not independent of x. So there is no potentlal functlon and f is not
conservative.

In any case, we can certainly compute the line integral from first principles:

/Cf-da:/olf(l,t,et)~(0,1,et)dt

1 1

:/ (1,t,1)~(0,1,et)dt:/ (t+e')dt
0 0

= t2+e 1—14—6—1—6—1

S\ 2 0 2 2
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Chapter 6

Green’s Theorem in the Plane

0 Introduction

Recall the following special case of a general fact proved in the previous
chapter. Let C be a piecewise C' plane curve, i.e., a curve in R? defined
by a piecewise C'-function

a: la,b — R?

with end points a(a) and a(b). Then for any C' scalar field ¢ defined on a
connected open set U in R? containing C, we have

/C Vi - da = p(a(b)) - p(a(a).

In other words, the integral of the gradient of ¢ along C, in the direction
stipulated by «, depends only on the difference, measured in the right order,
of the values of ¢ on the end points. Note that the two-point set {a,b} is
the boundary of the interval [a,b] in R. A general question which arises is to
know if similar things hold for integrals over surfaces and higher dimensional
objects, i.e., if the integral of the analog of a gradient, sometimes called an
exact differential, over a geometric shape M depends only on the integral
of its primitive on the boundary 0M.

Our object in this chapter is to establish the simplest instance of such a
phenomenon for plane regions. First we need some preliminaries.



1 Jordan curves

Recall that a curve C parametrized by « : [a,b] — R? is said to be closed iff
ala) = a(b). It is called a Jordan curve, or a simple closed curve, iff «
is piecewise C! and 1-1 (injective) on the open interval (a,b). Geometrically,
this means the curve doesn’t cross itself. Examples of Jordan curves are
circles, ellipses, and in fact all kinds of ovals. The hyperbola defined by
a:[0,1] - R? z— ¢, is (for any c # 0) simple, i.e., it does not intersect
itself, but it is not closed. On the other hand, the clover is closed, but
not simple.

Here is a fantastic result, in some sense more elegant than the ones in
Calculus we are trying to establish, due to the French mathematician Camille
Jordan; whence the name Jordan curve.

Theorem. Let C be a Jordan curve in R?. Then there exists connected open
sets U,V in the plane such that

(i) U, V,C are pairwise mutually disjoint,
and

(1) R2=UUVUC.

In other words, any Jordan curve C separates the plane into two disjoint,
connected regions with C' as the common boundary. Such an assertion is
obvious for an oval but not (at all) in general. There is unfortunately no way
we can prove this magnificent result in this course. But interested students
can read a proof in Oswald Veblen’s article, “Theory of plane curves in Non-
metrical Analysis situs,” Transactions of the American Math. Society, 6, no.
1, 83-98 (1905).

The two regions U and V' are called the interior or inside and exterior
or outside of C'. To distinguish which is which let’s prove

Lemma: In the above situation exactly one of U and V' is bounded. This
is called the interior of C.

Proof. Since [a, b] is compact and « is continuous the curve C' = «a([a, b])
is compact, hence closed and bounded. Pick a disk D(r) of some large radius
r containing C. Then S := R?\ D(r) C UUV. Clearly S is connected, so any
two points P, @ € S can be joined by a continuous path 3 : [0,1] — S with
P = 3(0), Q@ = B(1). We have [0,1] = g~1(U) U B1(V) since S is covered
by U and V. Since 3 is continuous the sets 371(U) and 37!(V) are open
subsets of [0,1]. If P € U, say, put t, = sup{t € [0,1]|3(t) € U} € [0,1]. If



B(tg) € U then, since 57(U) is open, we find points in a small neighborhood
of typ mapped to U. If ¢ty < 1 this would mean we’d find points bigger than
to mapped into U which contradicts the definition of 5. So if B(ty) € U
then tp = 1 and @Q = ((1) € U. If, on the other hand, ((ty) € V, there
is an interval of points around #, mapped to V which also contradicts the
definition of ¢, (we’d find a smaller upper bound in this case). So the only
conclusion is that if one point P € S lies in U so do all other points ). Then
S CU and V C D(r) so V is bounded.

Recall that a parametrized curve has an orientation. A Jordan curve
can either be oriented counterclockwise or clockwise. We usually orient a
Jordan curve C' so that the interior, V' say, lies to the left as we traverse
the curve, i.e. we take the counterclockwise orientation. This is also called
the positive orientation. In fact we could define the counterclockwise or
positive orientation by saying that the interior lies to the left.

Note finally that the term “interior” is a bit confusing here as V' is not
the set of interior points of C'; but it is the set of interior points of the union
of V and C.

2 Simply connected regions

Let R be a region in the plane whose interior is connected. Then R is
said to be simply connected (or s.c.) iff every Jordan curve C' in R can
be continuously deformed to a point without crossing itself in the process.
Equivalently, for any Jordan curve C' C R, the interior of C' lies completely
in the interior of R.

Examples of s.c. regions:
(1) R=R?
(2) R=interior of a Jordan curve C.

The simplest case of a non-simply connected plane region is the
annulus given by {v € R?*|¢; < |[v]| < ¢a} with 0 < ¢; < ¢2. The reason
is the hole in the middle which prevents certain Jordan curves from being
collapsed all the way.

When a region is not simply connected, one often calls it multiply con-
nected or m.c. The annulus is often said to be doubly connected because we

3



can cut it into two subregions each of which is simply connected. In general,
if a region has m holes, it is said to be (m + 1)-connected, for the simple rea-
son that we can cut it into m+1, but no smaller, number of simply connected
subregions.

Sometimes we would need a similar, but more stringent notion. A region
R is said to be convex iff for any pair of points P, () the line joining P, ()
lies entirely in R.

A star-shaped region is simply connected but not convex.

3 Green’s theorem for s.c. plane regions

Recall that if f is a vector field with image in R", we can analyze f by its
coordinate fields fi, fa, ..., fn, which are scalar fields. When n = 2 (resp.
n = 3), it is customary notation to use P,Q (resp. P,Q, R) instead of fi, fo

(resp. fi, fa, f3).

Theorem A (Green) Let f = (P,Q) be a C' vector field on a connected open
set Y in R?. Suppose C' is a C' Jordan curve with inside (or interior) U
such that ® := C UU lies entirely in Y. Then we have

4/(2—?—%—5)dmdy:ff-da

Here C' is the boundary 0® of ®, and moreover, the integral over C' is
taken in the positive direction. Note that

f ~da = (P(l‘, y)7 Q(l’,y)) ’ (xl(t)v y/(t)>dt7

and so we are justified in writing

%f-da = %(Pd:erQdy).

C C

Given any C' Jordan curve C with ® = C U U as above, we can try to
finely subdivide the region using C' arcs such that ® is the union of subre-
gions @4, ..., P, with Jordan curves as boundaries and with non-intersecting
insides/interiors, such that each ®; is simultaneously a region of type I and



IT (see chapter 5). This can almost always be achieved. So we will content
ourselves, mostly due to lack of time and preparation on Jordan curves, with
proving the theorem only for regions which are of type I and I1.

Theorem A follows from the following, seemingly more precise, identities:

1 [f %—idxdy = — § Pdx
i c

i) [f %—(jdmdy = § Qdy.
i c

Now suppose @ is of type I, i.e., of the form {a < z < b, pi(z) <y <
wo(x)}, with a < b and 1, ps continuous on [a,b]. Then the boundary C
has 4 components given by

Cy: graph of pi(x), a <x <b
Cy: 2 =0b,01(b) <y < 0a(b)
C3: graph of po(z), a <x <b
Ci: z=a,p1(a) <y < pa(a).
As C' is positively oriented, each C; is oriented as follows: In (', traverse

from x = a to x = b; in Cy, traverse from y = ¢1(b) to y = a(b); in Cs, go
from z = b to x = a; an in Cy, go from y(a) to v1(a).

It is easy to see that
/sz:/Pda::O,

Ca Cy

since Cy and C} are vertical segments allowing no variation in x. Hence we
have

(1)

_ ?{ Pz = — (E/ Pdx + / Pz | = /b P(z, 6s()) — P, 61 (2)]da.

a

On the other hand, since f is a C! vector field, %—1; is continuous, and since
® is a region of type I, we may apply Fubini’s theorem and get



902($)8P
// dxdy—/dx/a—y.
a e1(z)

Note that z is fixed in the inside integral on the right. We see, by the
fundamental theorem of 1-variable Calculus, that

(3)

p2(z)
| G = Pla@)) - Plagala).

e1(z)

Putting together (1), (2) and (3), we immediately obtain identity (i).
Similarly (ii) can be seen to hold by exploiting the fact that ® is also of
type I1.
Hence Theorem A is now proved for a region ® which is of type I and I1.
To prove this result for a general region, the basic idea is to cut it into
a finite number of subregions each of which is of type I or of type II. For
a rigorous treatment of the general situation, read Apostol’s Mathematical

Analysis (chap. 10). For a more geometric point of view, look at Spivak’s
Calculus on Manifolds.

4 An area formula

The example below will illustrate a very useful consequence of Green’s
theorem, namely that the area of the inside of a C' Jordan curve C
can be computed as

A= §ady — ydo) *)

c

A proof of this fact is easily supplied by taking the vector field f = (P, Q)
in Theorem A to be given by P(z,y) = —y and Q(z,y) = z. Clearly, f is
C! everywhere on R?, and so the theorem is applicable. The identity for A

follows as gQ = %1; =1.



Example:

Fix any positive number r, and consider the hypocycloid C parametrized
by
a:[0,27] — R? t > (rcos®t,rsin®t).

Then C'is easﬂy seen to be a piecewise C! Jordan curve. Note that it is also

given by x3 + y3 = 7°3 We have

27
1 1
A= Plady —yds) =5 [ /) - g O
C 0
Now, 2'(t) = 3r cos?t(—sint), and y/(t) = 3rsin®t cost. Hence
xy'(t) — y2'(t) = (rcos®t)(3rsin®t cost) + (rsin® t)(3r cos® ¢ sin t)

which simplifies to 3r2sin? ¢ cos? ¢, as sin?t + cos®t = 1. So we obtain

27 2
3r2 sin 2t \ 2 372 1 — cos4t
A="" dt = ~— - ) dt
0 0

by using the trigonometric identities sin 2u = 2sinwucoswu and cos2u = 1 —
2sin?u. Finally, we then get

2

22 372 sin4t\ %"
A= 1 —cos4 =2 (¢—
16 /( cos4t)dt 16 (t 1 )]0

0

ie.,

5 Green’s theorem for multiply connected
regions

We mentioned earlier that the annulus in the plane is the simplest example
of a non-simply connected region. But it is not hard to see that we can cut
this region into two pieces, each of which is the interior of a C! Jordan curve.

7



We may then apply Theorem A of §3 to each piece and deduce statement
over the annulus as a consequence. To be precise, pick any point z in R? and
consider

® = B.(ry) — B.(r1),

for some real numbers r1, 9 such that 0 < r; < ro. Here Bz(m) denotes the
closed disk of radius r; and center z.

Let C4, resp. Cy, denote the positively oriented (circular) boundary of
B.(ry), resp. B.(r3). Let D; be the flat diameter of B.(r;), i.e., the set
{zo—1i <x <wo+7;, Yy =10}, where g (resp. yo) denotes the z-coordinate
(resp. y-coordinate) of z. Then Dy N & splits as a disjoint union of two
horizontal segments D, = Dy N {x > 2o} and D_ = Dy N {z < z¢}. Denote
by C;* (resp. C;) the upper (resp. lower) half of the circle C;, for i = 1,2.
Then ® = & U &, where &1 (resp. ®7) is the region bounded by C* =
CyuD_uUCfUDy (resp. C~ =C, UD,;UD; UD_). We can orient the
piecewise C! Jordan curves C* and C~ in the positive direction. Let U, U~
denote the interiors of C*,C~. Then UT NU~ = (), and ®* = C* U U*.

Now let f = (P, Q) be a C'-vector field on a connected open set containing
B.(ry). Then, combining what we get by applying Green’s theorem for s.c.
regions to ®* and ®~, we get:

é/ (% - g—l;) dxdy = f(Pd:v + Qdy) — j[(PcM + Qdy), *)

Cz Cl

where both the line integrals on the right are taken in the positive (counter-
clockwise) direction. Note that the minus sign in front of the second line
integral on the right comes from the need to orient C* positively.

In some sense, this is the key case to understand as any multiply connected
region can be broken up into a finite union of shapes each of which can be
continuously deformed to an annulus. Arguing as above, we get the following
(slightly stronger) result:

Theorem B (Green’s theorem for m.c. plane regions) Let Cy,Cs, ..., C,
be non-intersecting piecewise C' Jordan curves in the plane with interiors
Uy, Us, ..., U, such that

(i) Uy D C;, Vi > 2,
and

(ii) Uy nU; =0, for alli,j > 2.



Put ® = Cy UU; — U_,U;, which is not simply connected if r > 2. Also
let f = (P,Q) be a C' vector field on a connected open set S containing .
Then we have

4/ (% — Z;—];) drdy = %(deJery) —gj(Pd3;+Qdy)

C
where each Cj, 5 > 1 is positively oriented.

Corollary: Let C,...C,, f be as in Theorem B. In addition, suppose that

99 — 92 cperywhere on S. Then we have
oxr oy

6 The winding number

Let C be an oriented piecewise C! curve in the plane, and let z = (x¢,yo)
be a point not lying on C. Then the winding number of C' relative
to z is intuitively the number of times C' wraps around z in the positive
direction. (If we reverse the orientation of C', the winding number changes
sign.) Mathematically, this number is defined to be

1 Y — Yo T — X
W(C, z) = . ?{ (— > dx + = dy) :
c

where r = [[(z,y) = 2l = /(z — 20)* + (v — v0)”.
When C'is parametrized by a piecewise C! function « : [a,b] — R?, a(t) =
(u(t),v(t)), then it is easy to see that

b
1 t) — "(t) — (v(t) — "(t
WCs) = b [ 200 = 00— s,
2m (u(t) — m0)* + (v(t) — 1o)
Some write W (a, z) instead of W (C, z).
We note the following useful result without proof:

Proposition: Let C be a piecewise C' closed curve in R?, and let z € R? be
a point not meeting C'.



(a) W(C,z) € Z.
(b) C Jordan curve = W(C,z) € {0,1,—1}.

More precisely, in the case of a Jordan curve, W(C, z) is 0 if z is outside C,
and it equals +1 if z is inside C.

The reader is advised to do the easy verification of this Proposition for
the unit circle C. In this case, when z is outside C, the winding number is
zero. When it is inside, W(C, z) is 1 or —1 depending on whether or not C'
is oriented in the positive (counter-clockwise) direction.

Another fun exercise will be to exhibit, for each integer n, a piecewise C!,
closed curve C' and a point z not lying on it, such that W (C,z) = n. Of
course this cannot happen if C is a Jordan curve if n #£ 0, £1.

Note:  If C denotes the curve obtained from C by reversing the orientation,
then the mathematical definition does give W (C, z) = —W(C, 2).

10



CHAPTER 7

DIV, GRAD, AND CURL

1. THE OPERATOR V AND THE GRADIENT:

Recall that the gradient of a differentiable scalar field ¢ on an open
set D in R" is given by the formula:

([ O0p Op i
(1) Ve = (8m1’8x2""’8xn>'

It is often convenient to define formally the differential operator in
vector form as:

g 0 0
(2) v—(a_a’;l7a_'z‘2,...7a_%>.

Then we may view the gradient of ¢, as the notation V¢ suggests,

as the result of multiplying the vector V by the scalar ﬁeld . Note

that the order of multiplication matters, i.e., % is not p-— 83:

Let us now review a couple of facts about the gradient. For any

j <m, (,%Dj is identically zero on D iff ¢(xy, 29, ..., x,) is independent

of z;. Consequently,

(3) Vop=0onD < ¢ = constant.

Moreover, for any scalar ¢, we have:

(4) Vi is normal to the level set L.(p).
Thus V¢ gives the direction of steepest change of ¢.

2. DIVERGENCE

Let F': D — R", D C R", be a differentiable vector field. (Note that
both spaces are n-dimensional.) Let Fy, Fy, ..., F, be the component

(scalar) fields of f. The divergence of F is defined to be
1
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(5) div(F) :V-F:Z%.
=1

This can be reexpressed symbolically in terms of the dot product as

0 0
(6) \% (81’1’ 7axn) ( 1, ; n)
Note that div(F') is a scalar field.

Given any n x n matrix A = (a;;), its trace is defined to be:

tI'(A) = Zn: Ajj -
i=1

Then it is easy to see that, if DF' denotes the Jacobian matrix of F,
i.e., the n x n-matrix (0F;/0x;), 1 <1i,j < n, then

(7) V- F = tr(DF).

Let ¢ be a twice differentiable scalar field. Then its Laplacian is
defined to be

(8) Vip =V (Vy).
It follows from (1),(5),(6) that
(9) VZQDZT—F——F"‘—F—.

One says that ¢ is harmonic iff VZp = 0. Note that we can formally
consider the dot product

9, 9, 0 0 s
=

1 V=(z,... .
(10) VoV (G g ) (G g

Then we have

(11) Vi = (V- V)p.
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Examples of harmonic functions:
(i) D =R p(z,y) = * cosy.

Then Q‘E = e% cos vy, g = —e”siny,
and 2 o = e¥cosy, gf = —e%cosy. So, Vip = 0.
(ii) D = R? — {0}. o(z,y) = log(z? + y?) = 21og(r).
e~ 2 - e B -

iii) D = R" — {0}. o(z1, 29, ..., Ty, :x2+x2+---+x2°‘/2:r°‘f0r
( ) (10 ) 9 ) 1 2 n
some fixed o € R.

8 .
2 — qroli

= ar®2z;, and
.
g F = a(a —2)r* ey +art 2 1

Hence V26 = 7, (a0 — 2r*~4a? 4 ar*~2) = afa — 24 n)ro?,
So ¢ is harmonic for a =0 or a =2 —n (a = —1 for n = 3).

3. CROSS PRODUCT IN R3

The three-dimensional space is very special in that it admits a vec-
tor product, often called the cross product. Let i,j,k denote the
standard basis of R?. Then, for all pairs of vectors v = zi + yj + 2k
and v' = 2'i + ¢j + 'k, the cross product is defined by

n R

(12) vxv' = det (iﬁ/ :?7, /) = (y2' —y'2)i— (22’ —2'2)j+ (zy' — 2y ) k.

I\

Lemma 1. (a) v x v' = —v' X v (anti-commutativity)
(b)ixj=k jxk=1i kxi=j
(c)v-(vxv)=v"-(vxv)=0.

Corollary: v x v = 0.
Proof of Lemma (a) v/ x v is obtained by interchanging the second
and third rows of the matrix whose determinant gives v x v’. Thus
vV xv=—vxv.

(b) ix j=det ( é 81) lé), which is k as asserted. The other two iden-

tities are similar.
(c)v-(vxv') =x(yz'—y'z) —y(xz' —a'2)+z(zy —2'y) = 0. Similarly
for v - (v x ).

Geometrically, v x v' can, thanks to the Lemma, be interpreted as
follows. Consider the plane P in R? defined by v,v’. Then v x v’ will
lie along the normal to this plane at the origin, and its orientation is
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given as follows. Imagine a corkscrew perpendicular to P with its tip
at the origin, such that it turns clockwise when we rotate the line Ov
towards Ov’ in the plane P. Then v x v" will point in the direction in
which the corkscrew moves perpendicular to P.

Finally the length ||v x ¢/|| is equal to the area of the parallelogram
spanned by v and v’. Indeed this area is equal to the volume of the
parallelepiped spanned by v, v" and a unit vector u = (uy, uy, u,) or-
thogonal to v and v'. We can take u = v xv'/||v x ¢|| and the (signed)
volume equals

Uy Uy U,
det |  y 2z | =u.(yz' —y'2) —uy(xz' —2'2) + u(zy — 2'y)
:L,/ y/ Z/

=||v x V|| - (Ul +ul +ul) = v x V||.

4. CURL OF VECTOR FIELDS IN R?

Let F: D — R3, D C R? be a differentiable vector field. Denote by
P.Q),R its coordinate scalar fields, so that F' = Pi + Qj + Rk. Then
the curl of F is defined to be:

ik )
2 8

Oy 0Oz .
Q R

Note that it makes sense to denote it V x F, as it is formally the
cross product of V with f. Explicitly we have

VxF = (OR/dy — 8Q/dz)i—(0R )0z — OP/dz) j-+(0Q/dx — OP/dy) k

If the vector field F' represents the flow of a fluid, then the curl
measures how the flow rotates the vectors, whence its name.

(13) curl(F) =V x F = det (591
P

Proposition 1. Let h (resp. F) be a C* scalar (resp. wvector) field.
Then

(a): V x (Vh) = 0.
(b): V- (V x F) = 0.

Proof: (a) By definition of gradient and curl,

i j k
VX(Vh):det(ai%aBZ)

oh 9h Oh

oxr Oy Oz

0?h 9?h \ 0?h 0%h \ . 0’h 0’h
= - i+(— - )it (55— ]k
Oydz 020y 0z0x  0x0z Oxdy  Oyox
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Since h is C?, its second mixed partial derivatives are independent of
the order in which the partial derivatives are computed. Thus, V x
(Vfh)=0.

(b) By the definition of divergence and curl,

0 0 8)‘<8R_8Q OR 0P 0Q E)P)

V'(VXF):(aaa—yyg a0 . T A

dy a’_%—i_az’ax dy

B 0*R B 0%Q (- O*R N 0?P L 0%Q B O0*P
- \0zdy  0x0z Oyoxr — Oyoz 020x 020y )
Again, since F is C?, 86:5 = %, etc., and we get the assertion.

4

Warning: There exist twice differentiable scalar (resp. vector)
fields i (resp. F'), which are not C?, for which (a) (resp. (b)) does not
hold.

When the vector field F' represents fluid flow, it is often called ir-
rotational when its curl is 0. If this flow describes the movement of
water in a stream, for example, to be irrotational means that a small
boat being pulled by the flow will not rotate about its axis. We will
see later that the condition V x F' = 0 occurs naturally in a purely
mathematical setting as well.

Examples: (i) Let D = R3 — {0} and F(z,y,z) = T wmd
Show that [ is irrotational. Indeed, by the definition of curl,

SR
VxF:det< oz e a)

Yy —T 0
(22+y2) (22+y2)

B (S PO (S T WP A e B DA G TR R
0z \ 22 + 2 0z \ 2% + 32 I\ 0z 2+ y? oy \ 22 + 2

_ {—(mQ +y?) +222 (2P +9P) - 2y2} K—0

(#® + 42)° (#* +y2)
(ii) Let m be any integer # 3, D = R? — {0}, and
F(xz,y,2) = = (2i+ yj + zk), where r = y/2? + y? + 22. Show that F
is not the curl of another vector field. Indeed, suppose F' =V x G.
Then, since F' is C!, G will be C?, and by the Proposition proved
above, V- F =V - (V x G) would be zero. But,

o 0 0
Vo= (%a—ya—)(—m%—m)
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rm — 2x2(%)rm*2

B N rm _ 2y2(%)rm72 rm _ 222(%)7””72

,,,2m r2m T2m
. 1
= M(ST —m(z® +y* + 2" ?) = T—m(B—m).

This is non-zero as m # 3. So F' is not a curl.

Warning: It may be true that the divergence of F' is zero, but F
is still not a curl. In fact this happens in example (ii) above if we
allow m = 3. We cannot treat this case, however, without establishing
Stoke’s theorem.

5. AN INTERPRETATION OF GREEN’S THEOREM VIA THE CURL

Recall that Green’s theorem for a plane region ® with boundary
a piecewise C! Jordan curve C says that, given any C! vector field
G = (P,Q) on an open set D containing ®, we have:

(14) //<p (g—f—%—fj) d;z:dyzjiPdaH—Qdy.

We will now interpret the term % — %—1;. To do that, we think of
the plane as sitting in R? as {z = 0}, and define a C" vector field F
on D := {(z,y,2) € R’|(z,y) € D} by setting F(z,y,2) = G(z,y) =
Pi+ Qj. We can interpret this as taking values in R? by thinking of its

i j ok
value as Pi+ Qj + Ok.Then V x F = det (aaz = aaz) = (g—g — %—1;) k,
P QO
because %—1: = %—g = 0. Thus we get:
(15) (VX F) k=———.
And Green’s theorem becomes:

Theorem 1. [[.(V x F) - kdzdy = §, Pdx+ Qdy

6. A CRITERION FOR BEING CONSERVATIVE VIA THE CURL

A consequence of the reformulation above of Green’s theorem using
the curl is the following:

Proposition 1. Let G : D — R?, D C R? open and simply con-
nected, G = (P,Q), be a C' vector field. Set F(x,y,z) = G(x,y), for
all (z,y,z) € R with (z,y) € D. Suppose V x F = 0. Then G is
conservative on D.
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Proof: Since V x ' = 0, the reformulation in section 5 of Green’s
theorem implies that 550 Pdx + Q) dy = 0 for all Jordan curves C
contained in D. QED

Example: D =R’ — {(2,0) € R? | 2 < 0}, G(z,y) = 471 — =57
Determine if G is conservative on D:

Again, define F(z,y, z) to be G(x,y) for all (x,y, z) in R* such that
(r,y) € D. Since G is evidently C!, F will be C! as well. By the
Proposition above, it will suffice to check if F' is irrotational, i.e.,
V x F =0, on D x R. This was already shown in Example (i) of
section 4 of this chapter. So GG is conservative.



Chapter 8

Change of Variables, Parametrizations, Surface
Integrals

80. The transformation formula

In evaluating any integral, if the integral depends on an auxiliary function of the
variables involved, it is often a good idea to change variables and try to simplify the
integral. The formula which allows one to pass from the original integral to the new
one is called the transformation formula (or change of variables formula). It
should be noted that certain conditions need to be met before one can achieve this,
and we begin by reviewing the one variable situation.

Let D be an open interval, say (a,b), in R, and let ¢ : D — Rbea 1-1, C' mapping
(function) such that ¢’ # 0 on D. Put D* = ¢(D). By the hypothesis on ¢, it’s either
increasing or decreasing everywhere on D. In the former case D* = (¢(a), p(b)), and
in the latter case, D* = (¢(b), p(a)). Now suppose we have to evaluate the integral

b
L:/fwwnwwwm,

for a nice function f. Now put = = ¢(u), so that dz = ¢'(u) du. This change of
variable allows us to express the integral as

»(b)

I= [ f(a) do=sgn(e /f

w(a)

where sgn(¢’) denotes the sign of ¢’ on D. We then get the transformation formula

/& Dl |du—/f

This generalizes to higher dimensions as follows:

Theorem Let D be a bounded open set in R™, ¢ : D — R"™ a C', 1-1 mapping
whose Jacobian determinant det(Dy) is everywhere non-vanishing on D, D* = ¢(D),
and f an integrable function on D*. Then we have the transformation formula

/ /f )| det Do(u)| dus... du, = / /f ) dy... de,.



Of course, when n = 1, det Dy(u) is simply ¢'(u), and we recover the old formula.
This theorem is quite hard to prove, and we will discuss the 2-dimensional case in
detail in §1. In any case, this is one of the most useful things one can learn in Calculus,
and one should feel free to (properly) use it as much as possible.

It is helpful to note that if ¢ is linear, i.e., given by a linear transformation
with associated matrix M, then Dg(u) is just M. In other words, the Jacobian
determinant is constant in this case. Note also that ¢ is C!, even C™, in this case,
and moreover ¢ is 1 — 1 iff M is invertible, i.e., has non-zero determinant. Hence ¢ is
1 —1iff det Dp(u) # 0. But this is special to the linear situation. Many of the cases
where change of variables is used to perform integration are when ¢ is not linear.

81. The formula in the plane

Let D be an open set in R%. We will call a mapping ¢ : D — R? as above primitive
if it is either of the form

(P1) (u,v) = (u, g(u, v))

or of the form

(P2) (u, v) = (h(u,v),v),

with dg/0v, Oh/Ou nowhere vanishing on D. (If dg/0v or Oh/Ou vanishes at a finite
set of points, the argument below can be easily extended.)

We will now prove the transformation formula when ¢ is a composition of two
primitive transformations, one of type (P1) and the other of type (P2).

For simplicity, let us assume that the functions dg/0v(u,v) and Oh/du(u,v) are
always positive. (If either of them is negative, it is elementary to modify the argu-
ment.) Put Dy = {(h(u,v),v)|(u,v) € D} and D* = {(z, g(z,v))|(x,v) € D;1}. By
hypothesis, D* = (D).

Enclose D; in a closed rectangle R, and look at the intersection P of D; with a
partition of R, which is bounded by the lines z = x,,,m = 1,2, ..., and v = v,,r =
1,2, ..., with the subrectangles R,,. being of sides Az = [ and Av = k. Let R*,
respectively R . denote the image of R, respectively R, under (u,v) — (u, g(u,v)).

mr?

Then each R} . is bounded by the parallel lines * = z,, and z = z,, + [ and by the

arcs of the two curves y = g(z,v,) and y = g(x,v, + k). Then we have

T+l
area(Ry,.) = / (9(x,v, + k) —g(z,v,)) da.

Tm

By the mean value theorem of 1-variable integral calculus, we can write
area([t,) = l[g(a7,, vy + k) — g(ar,, vp)],

2



for some point 2/, in (Z,,, €, +1). By the mean value theorem of 1-variable differential
calculus, we get

aren(R,,) = ko2 (2l 1),

for some 2!, € (T, xm + 1) and v, € (v, v, + k). So, for any function f which is
integrable on D*, we obtain

: b 99,
// f(z,y) de dy = h}lgnzklf(a:m,g(xm,UT))%(xm,vr).
D+ m,r

The expression on the right tends to the integral [[ f(z, g(z, v))%(x, v) dz dv. Thus
D1

we get the identity

JJ /(@) dxdy—fffa:gm))a—g( 2,v) da du

By applying the same argument, with the roles of z, y (respectively g, h) switched,
we obtain

gf f(x, g(x,v) g2z, v) dz dy = fff ), 9(h(u,v),v)) g2 (A(u, v),v) Ge(u,v) du dv

Since ¢ = g o h we get by chain rule that

det Dp(u,v) =

which is by hypothesis > 0. Thus we get

fff:cy d:vdy_fff (u,v))| det De(u, v)| du dv

as asserted in the Theorem.

How to do the general case of p? The fact is, we can subdivide D into a finite union
of subregions, on each of which ¢ can be realized as a composition of primitive trans-
formations. We refer the interested reader to chapter 3, volume 2, of ” Introduction
to Calculus and Analysis” by R. Courant and F. John.

§2. Examples



(1) Let @ = {(z,y) € R?*|z?+y* < a*}, with a > 0. We know that A = area(®) = 7a?.
But let us now do this by using polar coordinates. Put

D={(r,0) eR}0<r<a0<0<2r}
and define ¢ : D — & by
o(r,0) = (rcosf,rsin).

Then D is a connected, bounded open set, and ¢ is C!, with image D* which is the
complement of a negligible set in ®; hence any integration over D* will be the same
as doing it over ®. Moreover,

dp . dp :
o = (cosf,sinf) and 50 (—rsinf, rcos?).
Hence

cos —rsinf
_— ’]”7

det(Dyp) = det (sin@ 7 cos 6

which is positive on D. So ¢ is 1 — 1.
By the transformation formula, we get

// dxdy—//|deth0r9|drd9://rdrd0:

a 2 a
27 a
:/rdr/d9:27r/rdr:2ﬂ%] = 1a’.
0 0 0 0

We can justify the iterated integration above by noting that the coordinate func-
tion (r,0) — r on the open rectangular region D is continuous, thus allowing us to
use Fubini.

(2) Compute the integral I = [ [, xdzdy where R is the region {(r,¢) | 1 < r <

3

We have I = [} fow/4rcos(¢)rd7“d¢ — sin()]7*- %] ) 2(8/3 —1/3) = D2,

(3) Let ® be the region inside the parallelogram bounded by y = 2z, y = 22—2,y =
z and y =z + 1. Evaluate [ = [[ 2y dz dy.
@

The parallelogram is spanned by the vectors (1,2) and (2,2), so it seems reasonable
to make the linear change of variable

(-0



since then we’ll have to integrate over the box [0, 1] x [0, 1] in the u — v-region. The
Jacobian matrix of this transformation is of course constant and has determinant —2.
So we get

11 1
I = / / (u+ 2v)(2u + 2v)| — 2|dudv = 2/ / (2u® + 6uv + 4v*)dudv
0 Jo 0 Jo

1 1
:2/ 2u3/3+3u2v+4v2u]édv:2/ (2/3 4 3v + 4v*)dv
0 0
= 2(20/3 +30v%/2 + 40%/3] ) = 2(2/3 + 3/2 +4/3) = T.

(4) Find the volume of the cylindrical region in R? defined by

W = {(z,y,2)|z* +y* <a®,0 <z < h},

where a, h are positive real numbers. We need to compute

[= vol(W)—/// dz dy dz.

It is convenient here to introduce the cylindrical coordinates given by the trans-
formation

0:D— R
given by

o(r,0,z) = (rcosf,rsinf, z), where D ={0<r <a,0<60<27m,0<z<h}.

It is easy to see ¢ is 1-1, C! and onto the interior D* of W. Again, since the boundary
of W is negligible, we may just integrate over D*. Moreover,

cos) —rsinf 0
|det Dp| = |det | sinf rcos@® O |=r
0 0 1

By the transformation formula,
Since the function (r,6,z) — r is continuous on D, we may apply Fubini and

obtain
a 27

h
I—///rdrd@dz—wazh,
00 0
which is what we expected.

(5) Let W be the unit ball By(1) in R® with center at the origin and radius 1.
Evaluate



I = /// @ T2 g dy dz.
w

Here it is best to use the spherical coordinates given by the transformation
Y :D— R (p,0,¢) — (psinpcosd, psinpsinb, pcos ),

where D = {0 < p< 1,0 <0 <27m,0 < ¢ < m}. Then ¢ is C', 1-1 and onto W minus
a negligible set (which we can ignore for integration). Moreover

singpcosf —psingsinf pcosocosh
det(D1) = det | singsinf  psingcosf pcospsind | =
cos ¢ 0 —psin ¢

B —psingsinf pcosgcost) . singcost) —psingsind)
= cos ¢ det ( psingcosf  pcospsind psin g det singsind psingcosh )
= —p?(cos ¢)*sin ¢ — p*(sin ¢)* = —p*sin ¢.

Note that sin¢ is > 0 on (0,7). Hence |det(Dw)| = p*sin¢, and we get (by the
transformation formula):

1 w 27 ™

1 2m
[:///6p3p2sin¢ dp do d9=/ep3p2 dp/sin¢ d¢/ df =
00 0 0

0 0

The function (p,0,¢) — ep3p2 sin ¢ is continuous on D, and so we may apply
Fubini and perform ietrated integration (on D). We obtain

1 1
4
= 27r/e”3p2 dp (—cos@)|g = ?ﬂ /e“ du,
0 0

where u = p?

§3. Parametrizations

Let n, k be positive integers with k£ < n. A subset ® of R" is called a parametrized
k-fold iff there exist a connected region 7" in R¥ together with a C', 1-1 mapping

o: T —-R" u— (r1(u), x2(w), ..., zo(u)),
such that o(T) = ®.



It is called a parametrized surface when k£ = 2, and a parametrized curve when
k=1.
Example: Let T = {(u,v) € R*|0 < u < 27, —% < v < I}, Fix a positive number
a, and define
@ T — R by p(u,v) = (a(u,v), y(u, v), 2(u,v)),

where
z(u,v) = acosucosv, y(u,v) =asinucosv, and z(u,v) = asinv.
Then
o (u,v)? 4+ y(u,v)* + z(u,v)? = a*(cos® u cos® v + sin® u cos” +sin® v) =
= a*(cos’ v + sin’*v) = a®.

Also, given (z,y,z) € R? such that 2 + y* + 2? = ® and (z,y, z) # (0,0,£1), we
can find u,v € T such that x = z(u,v),y = y(u,v) and z = z(u,v). So we see that
¢ is C!, 1-1 mapping onto the standard sphere Sy(a) of radius @ in R?, minus 2

points. If we want to integrate over the sphere, removing those two points doesn’t
make a difference because they form a set of content zero.

§4. Surface integrals in R3

Let ® be a parametrized surface in R3, given by a C',1 — 1 mapping
p:T =R TCR ou,v)=(x(u,v),y(uv),2(u,v)).

(When we say ¢ € C!, we mean that it is so on an open set containing T.) Let
¢ = (z,y, z) be a point on ®. Consider the curve C} on ® passing through £ on which
v is constant. Then the tangent vector to C at £ is simply given by %f(f ). Similarly,
we may consider the curve Cy on ® passing through ¢ on which u is constant. Then
the tangent vector to Cs at & is given by g—;‘j(g). So the surface ¢ has a tangent
plane J3 () at & iff g—i and g—f are linearly independent there. From now on we will
assume this to be the case (see also the discussion of tangent spaces in Ch. 4 of the
class notes). When this happens at every point, we call ® smooth. (In fact, for
integration purposes, it suffices to know that g—‘i and g—f are independent except at a
set {¢(u,v)} of content zero.)

By the definition of the cross product, there is a natural choice for a normal
vector to ® at £ given by:

dp i
%(5) X %(5)

Definition : Let f be a bounded scalar field on the parametrized surface ®. The
surface integral of f over ®, denoted [[ f dS, is given by the formula

[ £as= [[ e@ozi© < 2@l auav

P
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We say that f is integrable on ® if this integral converges. An important special
case is when f = 1. In this case, we get

area(®) = ‘zU 152(6) x 52| du dv

Note that this formula is similar to that for a line integral in that we have to put in
a scaling factor which measures how the parametrization changes the (infinitesimal)
length of the curve (resp. area of the surface). Note also that unlike the case of curves
this formula only covers the case of surfaces in R?® rather than in a general R".

Example: Find the area of the standard sphere S = Sy(a) in R?® given by
2% +y* + 23 = a?, with a > 0. Recall the parametrization of S from above given by

p:T =R, o(u,v) = (2(u,0),y(u, v), 2(u,v)),
T = {(u,v) ER2|0§u<27T,—g <wv< g},

z(u,v) = acosucosv, y(u,v) =asinucosv, z(u,v) = asinv.

So we have
Oy dp : L
— = (—asinucosv,acosucosv,0) and —— = (—acosusinv, —asin usinv, a cosv).
ou D
i j k
8@ Jyp : .
=det | —asinucosv acosucosv 0 =
" do

—qcosusiny —aslnusinv acosv
@ COS U COSV 0 . —asinucosv 0 .
= det . . i—det . J+
—asinusinv acosv —acosusinv acosv

—asinucosv  acosuCcosv
+ det

—acosusinvy —asinusinv

= a® cosu cos® vi + asinu cos® vj + a*(sin® usin v cos v + cos® usin v cos v)k =

= a’ cosu cos® vi 4+ asinu cos® vj + a®sinv cos vk.

390 390

\—a (cos? u cos* v 4 sin? u cos* v 4 sin? v cos®) /2 =

= a*(cos* v + sin? v cos? v) Y2 = a?| cos 0.



2m /2 w/2

:>area(S):a2/ du / | cosv| dv = 2ma? / cosv dv

0 —7/2 —7/2

= area(S) = 4ma’.

Here is a useful result:

Proposition: Let ® be a surface in R® parametrized by a C*, 1-1 function

@ : T — R? of the form o(u,v) = (u,v, h(u,v)).

In other words, ® is the graph of z = h(x,y). Then for any integrable scalar field f
on ®, we have

//fds //fuvhuv \/(gZ) +(§Z) +1 du dv.

Proof.

dp oh dp oh
Y (1.0 2= 7Y 1 2=
ou (’0’8u) and v (0, ’(%)

ij k

:a—@xa—@:det 1 0 2 =—%i—@j+k-

ou  Ov 0 1 on ou 0

ov

8g0 Op oh oh
1285 22— P Py,

Now the assertion follows by the definition of [[ f dS.
o

Example. Let ® be the surface in R® bounded by the triangle with vertices (1,0,0),
(0,1,0) and (0,0,1). Evaluate the surface integral [[ = dS.

@
Note that ® is a triangular piece of the plane x +y + z = 1. Hence ® is parametrized
by
0: T — R pu,v) = (u,v, h(u,v)),

where h(u,v) =1—u—v,and T={0<v<1—-u,0<u<1}.

oh oh oh Oh
5u = 15 =1 and\/(au)+(8v) —V1i+1+1=13.



By the Proposition above, we have:

//de:\/g/ll/_uududv:\/g/lu(l—u)duzg.

P

There is also a notion of an integral of a vector field over a surface. As in the
case of line integrals this is in fact obtained by integrating a suitable projection of
the vector field (which is then a scalar field) over the surface. Whereas for curves the
natural direction to project on is the tangent direction, for a surface in R? one uses
the normal direction to the surface.

Note that a unit normal vector to ® at £ = ¢(u,v) is given by

o _u(©)
152(6)

and that n = n(u,v) varies with (u,v) € T. This defines a unit vector field on ®
called the unit normal field.

X
X

Definition: Let F' be a vector field on ®. Then the surface integral of F' over

®, denoted [[ F-n ds, is defined by
3

//F-n ds = //F((p(u,v)) -n(u,v)Hg—i x g—fn du d.

P

Again, we say that F is integrable over ® if this integral converges.

By the definition of n, we have:

//F-ndS://F(gp(u,v))-(g—ixg—f)dudv.

P

As in the case of the line integral there is a notation for this integral which doesn’t
make explicit reference to the parametrization ¢ but only to the coordinates (x,y, z)
of the ambient space. If F' = (P,Q, R) we write

//F-ndS://de/\dz+deAdx+Rdm/\dy. (1)
® ®

Here the notation v A w indicates a product of vectors which is bilinear (i.e.
(A1v1 + Agva) Aw = Aj(v1 Aw) + Ag(v; A w) and similarly in the other variable) and
antisymmetric (i.e. v Aw = —w Av, in particular v Av = 0). In this sense A is similar
to x on R? except that v A w does not lie in the same space where v and w lie. On
the positive side v Aw can be defined for vectors v, w in any vector space. After these
lengthy remarks let’s see how this formalism works out in practice. If the surface ® is

10



parametrized by a function p(u,v) = (z(u,v),y(u,v), z(u,v)) then dy = %du + Xy

ov
and by the properties of A outlined above we have

dyndz = (=— — —<Z—)duANd
yAdz (8u8v (%8u> uhdv

which is the z-coordinate of g—i X g—f. So the equation (1) does indeed hold if we
interpret an integral fT fdu A dv (over some region T in R?) as an ordinary double
integral [, fdudv whereas [, fdv A du equals — [}, fdudv. All of this suggests that
one should give meaning to dz,dy,dz as elements of some vector space (instead of
being pure formal as in the definition of multiple integrals). This can be done and is
in fact necessary to a complete development of integration in higher dimensions and

on spaces more general than R"”.

11



Chapter 9

The Theorems of Stokes and
Gauss

1 Stokes’ Theorem

This is a natural generalization of Green’s theorem in the plane to parametrized
surfaces S in 3-space with boundary the image of a Jordan curve. We say
that S is smooth if every point on it admits a tangent plane.

Theorem (Stokes) Let S be a smooth surface in R® parametrized by a C?,
1 —1 function ¢ : T — R3, (u,v) — (z(u,v),y(u,v),2(u,v)), where T is
a plane region bounded by a piecewise C* Jordan curve I'. Denote by C' the

image of T' under p. Let F = (P,Q, R) be a C* vector field on an open set
containing S and C. Then we have

//(VXF)-ndssz-da, (%)

where the line integral is taken in the direction inherited via ¢ from the
positive direction of T'.

Proof. First note that both sides of (*) are linear in F. Since F = Pi+Qj+
Rk, it suffices to show the following:
(i) [[(V x Pi)-ndS = ¢ Pdz,

c

(i) /(V x Qf) - ndS = § Qdy,
S C

and



(ii) [[(V x Rk)-ndS = § Rdz.
S C

We will establish (i) and leave the (very similiar) cases (i) and (iii) as
(straight-forward) exercises for the reader.
So let F' = Pi. Then

i j k

(1) V xF=det|d/0x 0/0y 9/0z]| = %—Pj - ‘;—Pk.
P 0 0 o y
Recall
[ Op  Op
(2) ndS = <8u X 81}) dudv.

We now need the following
Lemma 1: Let A = (a1, a9,a3), B = (b1,ba,b3), and C = (¢1,¢a,¢3). Then

a1 Qaz Q¢
A(BXC):det bl bQ bg
C1 Cy C3

Proof of Lemma 1: By definition,

iy ok
B x C = det bl b2 b3
C1 C2 C3

= idet (b2 b3> — jdet (bQ b3)+kdet (b2 b3>.
Cy C3 Cy C3 Co C3

So A- (B x C) = a;det (b2 i3> — ag det (b2 b3> + ag det ([ZQ b3>.
3

C2 C2 C3 2 C3
The assertion follows.

Proof of Stokes’ theorem (cont9)
Using (1), (2) and Lemma 1, we get

0 5 5

0 0 , 9y
(VxF)-(—@x—SO):det b Oy 2
ou  Ov Qu o gu Gu

v v v



Explicitly, we have

(3)

(V x F)- 3_<PX5_90 0P (020x  0z20% OP (0ydx  0Oyox
ou  Ov

T 0z \Ovdu  Ouov _8_y Oovou  Oudv
(9RO 0Py or (9P0: oPoy) or
-\ 0z0u Oyou) ou 0z 0v Oy ou) ou’

Put p(u,v) = P(p(u,v)). Then by using chain rule, we get
op _0pos opay  opo:
ou Oor Ou Oy Odu 0z Ou
and
o _oPor oPoy  opo:
ov Or v Oy dv 0z v

Plugging this information into (3) and simplifying, we get

dp Op\ _Opdx Opdx
Put
) Py(u,) = plu,0) 2
and
ox

Q1(u,v) = p(u, v)%
It is easy to check, using the product rule, that

o 0 (05\ 0 (0r\ _opor opos
au \F oo g0 \Pou) =~ oudw  ovou

A word of explanation is needed here. The simple formula has resulted from

our use of the equality

0%z B 0%z
oudv  dvdu’

3




which is justified because ¢ is C2.

Putting these together, we obtain

dp Op\ _ 0Q1 0Oh
 Ou ov

(7 xm)- (50 x5

By the definition of the surface integral of V x F over S (see Chapter 9),
we get (for F = Pi)

(8) //wa  ndS = //@&—Qi dudy.

Applying Green’s theorem in the plane, we get

(9) //@&—§%Wm—fﬂw+@w
/

On the other hands, since C' = p(I"), we get

(10)
fﬂmzfp@mw»C;)m+m( »(%Om
C r
:%am+@m
This proves (i). F O
2 Examples

(1) Let F(z,y, z) = ye*i+xe®j+xye’k. Show that the integral of F over any
oriented simple closed curve C' which is the boundary of a smooth surface S
is zero.



Applying Stokes, we get § F - da = [[(V x F) - ndS. Moreover,
C s

i J k
VxF=det|0/0x 0/0y 0/0z
ye*  xe®  xye*

=i (%(myez) - %(xeﬂ) —j <(%(xyez) - %(yez))

+k (%(mez) — %(yez)>
=i(xe® — xe®) — j(ye* —ye®) + k(e* — e*) = 0.

ThusfF-da:O.
c

(2) Let C' be the intersection of the plane z + y + z = 1 and the cylinder
2?2 +y? = 1 in R3. Orient C such that it corresponds to the positive (coun-

terclockwise) direction in the plane z = 0. Use Stokes to compute the line
integral I = § F - da, where F = (—y°, 2?, —2°).

To do thics, note first that C' is the boundary of the surface S defined
by 2 =1—x —y, with (z,y) € T := {2* + y*> < 1}. In other words, S is
parametrized by ¢(u,v) = (u,v,1 —u — v). Note also that the boundary
OT of T is the unit circle I" and that o(I') = C. It is easy to see that S is
smooth, and that ¢ is 1-1 and C2. Also, F is C!. So we may apply Stokes

and get: [ = fsf(v x F)-ndS, with n = g—i X g—f. In this case, S is the

graph of the function h(z,y) = 1 —x —y, and we computed g—f X g—f for such
a surface in the proof of the Proposition in §4 of Chapter 9. We found that
9y 92 — (_0h _0h 1) which in the present case is (1,1,1). On the other

ou v u’ dv?
hand,
i3k
VxF=det|0/0x 0/0y 0/0z
R

=1 6_(_23)_5@3) = %(—23)—E(—y3) +k %(1‘3)—8—
(G -50) =5 (G- 5) x(m0 -5

= (32 + 3y*)k



So, (V x F) - (52 x 92) = 322 + 3y2, and we get

3//u + v?)dudv

T

%Is

2

1

3 / / r? - rdrdf (in polar coordinates)
00
1

67r/r3dr =
0

3 The Divergence Theorem of Gauss

Let S be a smooth surface in R?, parametrized by a C', 1-1 function ¢ : T' —
R3, (u,v) — (x(u,v),y(u,v), z(u,v)). Recall that %‘5 X %‘5 gives a normal
vector at any £ = ¢(u,v). This defines what one calls an orientation of S,
i.e., gives a choice at each point between the two possible normal directions.

A surface S in R? is said to be closed if it is the boundary of a (3-
dimensional) region V in R3. In this case, we write OV for S. Note that at
any point on a closed surface 0V, are normal points inward, i.e., towards the
interior of V', and the other points outward.

We say that a smooth surface S is orientable if as we move the inward
normal along a curve on S and come back to the initial point, then the inward
normal continues to remain the inward normal. If we take the rectangular
strip and glue the ends to make a cylinder, resp. Mobius band, then the
resulting surface is orientable, resp. non-orientable. Note that a smooth,
closed surface is orientable, but it has two possible orientations, the first
with the normal pointing inward, and the second with the normal pointing
outward.

Now we are in a position to state the divergence theorem.

Theorem (Gauss) Let V be a region in R® with boundary S, a closed surface,
oriented by choosing the unit outward normal n to S. Let F = (P,Q, R) be
a Ct wvector field on V. Then we have

///(v - F)dedydz = //F-ndS (*)



We will now prove this for regions of a very special type. Note first that
both sides of (*) are linear in F, so it suffices to establish the following:

(Gi) fff 98 dudydz = ffPl ndS
(Gii) fff adedydz = ff Qj - ndS

and
(Giii fff d:r;dydz = ff Rk -ndS

We will prove (G111) under the hypothesis that V' is a region of type
I ie., given by fi(z,y) < 2z < fo(x,y), (z,y) € T, where T is a connected
region in R?, and f;, f» continuous. In this case, using Fubini, we get

2(5’:7

/ / —da:dydz— / / dxdy / a—Rdz

1(z,y)

- //[R(x,y, fg(lf,y) - R(ZL‘,y, fl(l’,y)]dl’dy

S = 0V is a closed surface whose bottom 57, say, is the graph of z =
fi(z,y), (z,y) € T, and whose top Ss, say, is the graph of z = fo(z,y), (z,y) €
T'. Let us denote by S the complement of S; U Sy in S, and by n; the unit
outward normal on S5, 1 < j < 3. Then

//Rk~ndS = //Rk~n1dS—i—/ Rk - nydS,
s s s

since k - ng = 0. (This is because n3 lies in the (x,y)-plane.) As we saw in
the proof of the Proposition in §4 of Chapter 8, we have

ofis | Ofis
it -k

2
@+ ()
Note that the sign is fixed by the fact that the outward normal n; must
have negative k-component. In other words,
ofr.  Ofi. ofi. Ofi.

IlldS = <8_ + a—y — k) dudv and ngdS = <—%l — a—y + k) dudv.

n, =

7



Consequently,

k-ndS = —dudv, and k-nydS = dudv

and
// Rk -n,dS = —// R(u, v, fi(u,v))dudv
S T
and
// Rk -n;dS = // R(u, v, fa(u,v))dudv.
Ss T
Thus

// Rk -n,dS = //[R(u, v, folu,v)) — R(u, v, fi(u, v))|dudv.
S T

= / / aa—]:dxdydz.
T
This proves (Giii).

By a similar argument, (Gii) (resp. (Gi)) holds if V' is a region of type
IT (resp. type III), i.e., if it is given by g1(z,2) < y < go(x, 2), (z,2) € Tq
(resp. hi(y,2) < x < ho(y, 2), (y,2) € Tz), where T} (resp. 1) is a connected
region in R? and gy, go (resp. hy, ho) are continuous.

Thus Gauss’s theorem holds at least when V is of type I, II and III
simultaneously. (Check, for example, that the ball in R? is of this form.)
Unfortunately, we have not developed things to a point where we can prove
Gauss’s theorem without such stupid hypotheses.

4 Examples

(1) Let S = Sp(1) be the unit sphere z? + y* + 2% = 1 in R?® with center at
0 and radius 1. Compute I : [[F - ndS, where F = (2z,y?, 2?). By Gauss’s
s



theorem, I = [[[V - Fdzdydz, where V is the unit ball By(1). We have:
v

0 0 0
V-F= (21:)4—6—(1/)—1—8—( %) =2+ 2y +2z.

;»1_2/// 1+ + 2)ddydz.
/// ydxdydz = /// zdxdydz = 0
v 1%

by the symmtery of V' around 0 and the oddness of the function y (resp. z)
in the y direction (resp. z direction).
So, I =2 [[[ dxvdydz = 2vol(V) = 2.
1%

Note that

3

The moral of this problem is that one should always try to first exploit
the symmetry arguments if present, before grunging out the calculation.

(2) Let S be the surface of the cylinder 22 + y*> = 1, —1 < z < 1, and
z*+y* <1 when z = +1. Compute I := [[ F-ndS, where F = (zy? 2%y, y).

S

Again by Gauss’s theorem, I = [[[V - Fdadydz, where V = {2? + y* <
v

1, =1 <z <1}. Also,

V-F= (s y2)+—(x2y)+—z(y)—y +1°.

#[—///x +9? dxdydz-/dz //I + %) dxdy | |

where Dy = {(z,y) € R?|2? + y* < 1}. Using polar coordinates to evaluate
2m 1

the inside integral we get [[(2* 4+ y*)dazdy = [ dO([ r*dr) = 5. Thus I =
Do 0o 0
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